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Understanding the dynamics of thermoelectric (TE) phenomena is important for
the detailed knowledge of the operation of TE materials and devices. By analyzing the impedance response of both a single TE element and a TE device under
suspended conditions, we provide new insights into the thermal dynamics of these
systems. The analysis is performed employing parameters such as the thermal
penetration depth, the characteristic thermal diffusion frequency and the thermal
diffusion time. It is shown that in both systems the dynamics of the thermoelectric
response is governed by how the Peltier heat production/absorption at the junctions evolves. In a single thermoelement, at high frequencies the thermal waves
diffuse semi-infinitely from the junctions towards the half-length. When the frequency is reduced, the thermal waves can penetrate further and eventually reach
the half-length where they start to cancel each other and further penetration is
blocked. In the case of a TE module, semi-infinite thermal diffusion along the
thickness of the ceramic layers occurs at the highest frequencies. As the frequency
is decreased, heat storage in the ceramics becomes dominant and starts to compete
with the diffusion of the thermal waves towards the half-length of the thermoelements. Finally, the cancellation of the waves occurs at the lowest frequencies.
It is demonstrated that the analysis is able to identify and separate the different
physical processes and to provide a detailed understanding of the dynamics of
different thermoelectric effects. C 2016 Author(s). All article content, except where
otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). [http://dx.doi.org/10.1063/1.4943958]
I. INTRODUCTION

Frequency resolved methods such as impedance spectroscopy has been proved very successful
for the characterization of a variety of systems of great technological interest.1–5 The potential of
these methods, unlike experiments performed in the time domain, typically difficult to analyze and
with responses commonly governed by overlapping processes, resides in their high sensitivity and
their ability to separate the different physical processes occurring in the devices.6 In frequency
resolved methods, excitation waves can be used to restrict the response of the physical processes
by manipulating the frequency of excitation. When high frequencies are employed, only quick processes can be observed. As the frequency is decreased, slower processes are allowed which start to
influence the system response. The variation of the frequency can span several orders of magnitude,
which provides a high sensitivity of the system dynamics.
In a thermoelectric (TE) material, different processes occur when a constant current is applied
through it. First, an initial potential difference is established across the element by an external
electric field which produces the current. Then, due to the Peltier effect, heat is released at one of the
junctions and absorbed at the other, gradually creating a temperature difference across the element.
This temperature difference separates carriers in the material which induces a Seebeck potential
difference due to the Seebeck effect. This Seebeck voltage slows down the flow of the carriers
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and decreases the current, increasing the system resistance. All these processes have distinct time
scales and are governed by different parameters. By using impedance spectroscopy, which employs
ac current excitation waves, we can extract very useful information about the dynamics of these
fundamental TE processes, which provides a unique detailed knowledge of the system operation.
This detailed analysis, in despite of the fact that previous work has been reported in the application
of frequency resolved methods in the TE field,7–9 has not been developed so far. Moreover, the
transient behavior of thermoelectric elements and devices is less investigated in comparison to
steady state phenomena and operation of devices in this regime has been claimed to enhance their
performance,10,11 therefore there is a need of fundamental studies in this field.
Our previous work9 analyzed the impedance response in a single TE material and the case of
a TE device by solving the heat equation in the frequency domain. It also provided experimental
validation of the theoretical models. However, that study focused on the temperature variations at
the junctions and did not analyze the complete thermal dynamics in the whole system, which can
provide useful additional information. By using our previous models as a basis, we focus here on a
detailed description of the evolution of the thermal waves and the internal thermal gradients in the
whole system. The analysis introduces different dynamic parameters such as the thermal penetration
depth and thermal diffusion times which were not previously included. In addition, the different
regimes of behavior previously observed are now analyzed in detail, which allows the identification
of semi-infinite diffusion and interacting regimes. Through this more extended analysis the identification and separation of the different physical processes occurring in the device is achieved, which
provides a unique detailed understanding of the system dynamics.

II. EXPERIMENTAL PART

Impedance measurements were performed both in a single thermoelement and a TE module.
The impedance response of a p-type Bi2Te3 element (European Thermodynamics Ltd.) with a
cross-sectional area of 1.4 x 1.4 mm2 and a length of 1.6 mm was measured similarly to a previously
reported procedure.9 A layer of Ag paint was spread on the top and bottom sides of the element.
The sample was sandwiched by two short stainless steel probes with sharp tips that were connected
to the input leads of the equipment. It should be noted that stainless steel material is used here
instead of copper, which was employed in the previous procedure, to minimize the cold finger effect
(heat conduction through the probes). A constant current of 100 mA was applied to the element
before measuring the impedance in order to settle the electrical contacts.9 A commercial TE module
(European Thermodynamics Ltd.) formed by 252 thermoelements (1 mm x 1 mm x 1.5 mm) was
also measured by directly contacting to the equipment leads. Both samples were suspended in air to
provide adiabatic conditions. The thickness of the ceramic plates of the module is 0.8 mm.
Impedance measurements were performed at room temperature using a PGSTAT302N potentiostat equipped with a FRA32M impedance module (Metrohm Autolab B. V.) in a frequency range
of 10 mHz to 100 Hz for the thermoelement and 1 mHz to 1 kHz for the TE module. A sinusoidal
signal of 20 mA (rms) in amplitude was applied without dc bias (0 A dc).

III. SINGLE THERMOELEMENT

A similar initial analysis as adopted in our previous work9 is presented here. We consider a
single thermoelement of cross-sectional area A and length L contacted by very thin metallic contacts. The element is suspended under adiabatic conditions, with ideal thermal and electric contacts
and at homogeneous initial temperature Ti . A sinusoidal current wave of small amplitude oscillating
around 0 A is used as the excitation signal. Due to the small current amplitude and the typically high
electrical conductivity of TE materials, Joule effect is neglected in our analysis. In addition, all the
TE properties are assumed to be independent on temperature. Fig. 1(a) shows the different thermal
processes that appear in a p-type thermoelement under these assumptions. It should be noted that a
constant-temperature plane is present at the half-length L H =L/2, where the temperature remains at
its initial value at all times.

Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. IP: 131.251.254.248 On: Mon, 14 Mar 2016
09:57:08

035008-3

J. García-Cañadas and G. Min

AIP Advances 6, 035008 (2016)

FIG. 1. Scheme of the thermal processes occurring at steady state under adiabatic conditions and constant positive current
in (a) a single p-type thermoelement and (b) a thermolement sandwiched by ceramic layers. The initial homogeneous
temperature (dashed line), thermal profile at steady state (solid line) and the constant temperature plane (dotted line) are
represented. Arrows pointing in or out of the junctions are considered as a heat input or heat removal respectively. The
reference for the potential difference is taken at x=L.

The heat equation of the system in Fig. 1(a) in the frequency domain is defined by,
1
∂ 2θ
− 2 θ = 0, at 0≤x≤L
2
∂x
m

(1)

where θ(x, jω)=L[T(x,t)−Ti ] is the Laplace transform
of the temperature excess respect to the
√
initial temperature, x the position, t the time, j= −1, ω the angular frequency and m a length
defined as, m( jω)=(ωTE/ jω)0.5 L H , with ωTE=αTE/L 2H , being αTE the thermal diffusivity of the
thermoelement. The boundary conditions are,
( )
STii 0
∂θ
−
+ λ TE
= 0, at x=0
(2)
A
∂ x 0,T E
θ (L H , jω) = 0, at x=L H

(3)

with S the Seebeck coefficient, i 0=L[I(0,t)] the Laplace transform of the current I at x=0 and λ TE
the thermal conductivity of the thermoelement. It should be noted that due to the small ac amplitude
of the excitation current, large changes are not expected in the temperature at the junction and
T(x=0)≈Ti in the Peltier term of Eq. (2).
The solution to Eq. (1) with the above boundary conditions has the expression,
(
) −0.5 
(
) 0.5
(
) 0.5
) 0.5 


 (


 

STii 0 L H jω
x jω
x jω
jω




θ(x, jω) =
sinh 
− cosh 
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λ TE A ωTE
L H ωTE
L H ωTE
ωTE












The Seebeck potential difference Vs =Vs (0)-Vs (L)=-S[T(0)-T(L)] can be obtained using Vs =
-2S[T(0)-Ti ] due to the presence of the constant temperature plane. Hence, the ac Seebeck potential
difference in the frequency domain, -2Sθ(0, jω), can be calculated using θ 0=θ(0, jω)=-[ST ii 0 L H /
(λ TE A)]( jω/ωTE)-0.5 tanh[( jω/ωTE)0.5]. To determine the total potential difference, V =V (0)-V (L),
the ohmic voltage drop IR should be included. Then, V =I R-2S[T(0)-Ti ], where R accounts for the
material and parasitic (contact and wires) resistances. The impedance function Z, calculated from
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FIG. 2. Experimental impedance response (circles) of (a) a p-type Bi2Te3 thermoelement and (b) a commercial Bi2Te3-based
TE module. The inset in (b) shows a magnification of the high frequency part. Lines represent the fittings to the theoretical
expressions. Reprinted from J. García-Cañadas and G. Min Appl. Phys. Lett. 116, 174510 (2014). Copyright 2014 AIP
Publishing LLC.

the ratio of the voltage and the current, is given by,
(
) −0.5
) 0.5
 (

jω
2Sθ (0, jω)
S 2Ti L jω

tanh 
Z ( jω) = R −
= R+
 .
i0
λ TE A ωTE
 ωTE


(5)

Fig. 2(a) shows the excellent agreement between the experimental response (circles) and the fit
(lines) to Eq. (5). The fitting parameters obtained appear in Table I. As previously reported,9 all the
thermal properties of the element can be obtained if the S value is known (see Table I).
If we pay attention to the system dynamics, it can be observed that the terms which depend on
ω, which contain the dynamic information, come from the temperature excess function θ. Fig. 3(a)
shows the simulation of the impedance response of Eq. (5) (solid line) for a thermoelement with
typical TE properties of Bi2Te3. Both n and p-type provide the same response, since S is squared in
the expression. The last term of Eq. (5) is called the constant-temperature Warburg impedance,9,12
ZWCT , and clearly shows two different regimes of behavior separated around the characteristic
angular frequency ω d =2πωTE. A slope of 1 response (dashed line), given by Z=R+RTE( jω/ωTE)-0.5,
is observed at ω>>ωd , being RTE=S 2Ti L/(λ TE A) a TE resistance.13 These high angular frequencies
are usually lower than 600 Hz which it is when the temperature variation at the junctions starts
to be established. At ω<<ω d the impedance response turns into a semicircle with the expression
(assuming R=0), Z -1=1/RTE + jω/(3CTE), where CTE=1/(RTEωTE) is a TE capacitance.13
Differently from our previous work,9 we analyze now in detail the physical meaning of these
different regimes. The slope of 1 response at ω>>ωd represents a semi-infinite diffusion regime,14
which can be deduced by solving the same heat equation above with the boundary condition of
Eq. (3) replaced by the boundary condition of a semi-infinite system (L→ ∞), which takes the form
TABLE I. Fitting parameters and calculated properties from the experimental impedance measurements of Fig. 2 corresponding to a single thermoelement and a commercial TE module. The thermal properties of the element were calculated
using a Seebeck coefficient value (195 µV/K) measured by a hot-probe apparatus. In brackets are typical values for Bi2Te3
obtained from manufacturers.
Sample
Element
Module

R Ω (Ω) RTE (Ω) ω TE (rad/s) λ TE (W/m K)
0.437
4.292

0.00668
2.585

1.78
0.24

1.37 (1.50)
1.62

α TE (cm2/s)
0.0036 (0.0037)
0.0013

C p,TE (J/gK) S (µV/K)
0.45 (0.54)
1.65

193.5 (200)

R c (Ω) ω c (rad/s)
0.149

6.08
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FIG. 3. Simulations of the impedance response of (a) a thermoelement and (b) a thermoelectric device. The inset in
(b) is the magnification at high frequencies. The parameters employed in (a) are S=200 µV/K, λ TE=1.5 W/m K,
α TE=3.66x10−3 cm2/s, L=2 mm, A=1.5 x 1.5 mm2, R=8.9 mΩ and ω TE=0.37 rad/s. For the thermoelectric module
(b) the same thermoelectric properties have been used with the addition of N =127 couples, L C =1 mm, λ C =36 W/m K,
α C =0.12x10−3 cm2/s and ω C =11.85 rad/s. R now takes the value R=2.26 Ω. The response at the angular frequencies ω d
and ω dC are indicated by a square in (a) and (b) respectively. The dashed line represents the response of the semi-infinite
regimes and the red line the impedance of a Warburg adiabatic element in series with R.

θ(∞, jω)=0. The solution with this new boundary condition is,
(
) −0.5 
(
) 0.5
(
) 0.5 



 

STii 0 L H jω
x jω
x jω



θ (x, jω) =
 − cosh  L ω
 
 sinh  L H ωTE
,
λ TE A ωTE
H
TE






(6)

which at x=0 is θ(0)=-[ST ii 0 L H /(λ TE A)]( jω/ωTE)-0.5 and clearly agrees with the slope of 1 regime
of the impedance, Z=R+RTE( jω/ωTE)-0.5. Hence, under this regime, the two thermal waves produced by the heat production and the heat absorption induced by the Peltier effect at the junctions,
diffuse “freely” inside the thermoelement, i. e., without noticing the influence of each other. The
waves do not have enough time to penetrate and reach the half-length of the thermoelement. The
boundary condition at x=L H has no effect in this case. We would like to emphasize that as described
by the thermal diffusivity αTE=λ TE/(ρCp ), diffusion involves both the storage of heat (absorption
or release), governed by the product of the mass density ρ and the specific heat Cp , and the heat
conduction, governed by λ TE and the temperature gradient.
Eq. (4) can be expressed as θ(x, jω)= − θ 0{sinh[-(x/L H )( jω/ωTE)0.5]/tanh[( jω/ωTE)0.5]cosh[-(x/L H )( jω/ωTE)0.5]}and it is represented in Fig. 4(a) for 3 different angular frequencies.
It can be observed that the maximum amplitudes always occur at the junctions and decay with
penetration towards L H . The amplitude of the thermal wave of angular frequency ω d (black solid
line) is reduced to 1 % of the amplitude at the junction (θ=0.01θ 0) at x≈L H and it can be considered
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FIG. 4. (a) Magnitude of the ac thermal waves normalized respect to the magnitude at x=0 as a function of position for
a 2 mm long single thermoelement at ω=100ω d (blue solid line), ω=ω d (black solid line) and ω=0.01ω d (dashed line).
(b) Penetration depth respect to the angular frequency normalized to ω d for the semi-infinite (dashed line) and actual (solid
line) models in the single thermoelement. (c) Same as (a) for the thermoelement sandwiched by ceramic layers at ω=100ω dC
(blue solid line), ω=ω dC (black solid line) and ω=0.01ω dC (dashed line). The magnitudes in (a) and (c) have been made
negative at x <1 mm to better match the real temperature profiles.

that the wave can penetrate up to L H . More generally, the position at which the amplitude
of a
√
thermal wave of certain angular frequency is reduced to 1 % is given by m d =4.6m 2 (dashed
line in Fig 3(b)),15 which we consider as the thermal penetration depth. It should be noted that
m d only provides a correct penetration depth value when ω>>ω d . Using m d it can be considered
that the system behaves semi-infinitely at m d <<L H , which is equivalent to ω>>ω d , as observed in
Fig. 3(b). On the other hand, the period corresponding to ω d can be defined as the thermal diffusion
time τd =L 2H /αTE, which can be considered as the time required by the thermal wave to travel from
the junction to the half-length.
At ω<<ω d (or m d >>L H ) the thermal waves have enough time to penetrate up to L H and
the impedance response is governed by their interaction. At half-length the heat input from the
right side equals the heat extraction from the left and the thermal waves cannot penetrate further,
progressively reaching the dc regime (Fig. 4(a), dashed line). We would like to remark that the
existence of thermal waves has been experimentally confirmed previously by Downey et al. by
infrared imaging.7

IV. TE DEVICE

In the classical structure of a TE module, the thermoelements are connected electrically in
series by metallic strips and sandwiched between two ceramic layers of thickness LC . A similar
initial description as in our previous work9 is again adopted. We consider a reduced one dimensional
model for a TE device formed by 2N basic units thermally in parallel, where N is the number of
thermocouples. One of the basic units is shown in Fig. 1(b). All thermoelements are considered
to have the same TE properties and the absolute value |S| is used. The influence of the metallic
connectors will be neglected due to their short thickness and high thermal conductivity. The thermal
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spreading/constriction occurring at the junctions16 will be also neglected for simplicity. The presence of the ceramics in a TE device makes the Peltier heat generated at each junction to be able
to diffuse along their thickness (Fig. 1(b)) apart from the diffusion towards the half-length of the
thermoelements. This will significantly influence the impedance response.
The heat diffusion equation in the ceramic layer,
∂ 2θ
1
− 2 θ = 0, at -LC ≤x≤0
∂ x 2 mC

(7)

2
where, mC =( jω/ωC )0.5 LC , ωC =αC /LC
and αC is the thermal diffusivity of the ceramic. Eq. (7) has
to be solved in addition to Eq. (1) for the thermoelement with new boundary conditions,
( )
∂θ
= 0,
(8)
∂ x −L C,C
( )
( )
∂θ
STii 0
∂θ
+ λ TE
= 0, at x=0
(9)
−
− λC
A
∂ x 0,C
∂ x 0,T E

θ (L H , jω) = 0,
θ(0, jω)C = θ(0, jω)TE,

(10)
(11)

where, λ C is the thermal conductivity of the ceramic. After solving the corresponding systems
of equations, the solutions of the heat equations for the ceramic and the thermoelement have the
expressions,
 ( ) 0.5
 ( ) 0.5
 ( ) 0.5
jω
jω
jω
x
x
tanh
sinh
+
cosh
ωC
L C ωC
L C ωC
STii 0
θ(x, jω) = −
 ( ) 0.5  −1 
(
(
)
)   −1 ,
A  L C ( jω ) −0.5
jω
jω 0.5
L H jω −0.5
coth
+
tanh
λ
ω
ω
λ TE ω TE
ω TE
C

C

C

at − LC ≤x≤0

(12)
(

)
jω 0.5
ω TE

coth
STii 0
θ(x, jω) =

( )
A
L C jω −0.5
λC

ωC

coth



(


sinh

x
LH

)
jω 0.5
ωC

(

  −1

)
jω 0.5
ω TE





(

+

LH
λ TE

at 0≤x≤L.


− cosh

x
LH

(

)
jω −0.5
tanh
ω TE

)
jω 0.5
ωH
(



)
jω 0.5
ω TE

  −1 ,
(13)

At x=0, both expressions become equal and take the form,
−1
(
) −0.5
) 0.5  −1 
(
) −0.5
) 0.5  −1 
 (
 (


 
  




L
jω
jω
STii 0 
jω
L
jω
C
H




 .
θ(0, jω) = −
coth 
tanh 
 
 
 +  λ TE ωTE
 
A 
 λ C ωC

 ωC
 ωTE








(14)

In the case of the TE device, the total potential difference is V =IR−4N |S|[T(0)-Ti ], which leads to
the impedance function for the TE module,
−1
(
) −0.5
) 0.5  −1 
(
) −0.5
) 0.5  −1 
 (
 (











S 2Ti 
L
jω
jω
L
jω
jω
H
C
  + 
  

Z ( jω) = R + 4N
coth 
tanh 

 λ TE ωTE

A 
ωC
ωTE
 λ C ωC




 





 


= R+

−1
ZW
a

1
,
−1
+ ZWCT

(15)

being ZW a =RC ( jω/ωC)-0.5 coth[( jω/ωC )0.5] the impedance of an adiabatic Warburg element,9,12
with RC =4NS2Ti LC /(λ C A) being the TE resistance induced by the ceramic layer, and ZWCT =RTE
( jω/ωTE)-0.5 tanh[( jω/ωTE)0.5], where now RTE=2NS2Ti L/(λ TE A) takes into account all the thermoelements of the TE device.
Fig. 2(b) shows the good correlation between the experimental impedance measurements (circles) of a commercial TE module and the fit (lines) to Eq. (15). The fitting parameters and all the TE
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properties (Table I) of the module, can be calculated in this case using the thermal conductivity of
the ceramic material without the need to independently measure S.9
Differently from our previous work,9 we focus now on extracting the physical meaning of the
processes which govern the impedance response. Fig. 3(b) (blue solid line) shows the impedance
response of Eq. (15). It can be seen that under the assumption that λ C >>λ TE, the impedance
response of Eq. (15) becomes Z=R+ZW a (red line in Fig. 3(b)) and is only governed by the
thermal properties of the ceramic. In this case, two different regimes separated by the characteristic frequency ωdC = 2πωC can be clearly identified. A slope of 1 trend occurs at ω>>ωdC,
given by Z = R+RC ( jω/ωC)−0.5 (dashed line in Fig. 3(b)), which corresponds to the semi-infinite
thermal diffusion of the thermal waves originated at the junctions towards the outer edges of the
ceramics. On the other hand, a vertical line develops at ω<<ωdC, where Z=R+RC /3+CC /( jω),
being CC =RC ωC a TE capacitance induced by the ceramics.
The same features of the semi-infinite regime identified in the case of the single thermoelement
can be adopted here. A profile of the amplitude of the thermal waves in this regime is represented
in Fig. 4(c) (blue solid line). It can be observed that the diffusion of the thermal waves towards
the ceramic outer edges occurs much more significantly than towards the half-length of√the thermoelement. In this regime the thermal penetration depth can be defined as mdC=4.6mC 2, being
mC = (ωC / jω)0.5 LC . At ω<<ωdC (or mdC >>LC ), the waves starts noticing the adiabatic boundary
condition and the thermal wave cannot travel further, the change in the temperature of the ceramics
becomes more significant and thus the impedance response becomes mainly governed by the heat
storage, producing the vertical line of Fig. 3(b) (red line). A thermal diffusion time corresponding to
2
the period of the wave of angular frequency ωdC can be defined as τdC=LC
/αC , which can be estimated as the time required by the thermal wave originated at the junction, to cover the distance LC .
When the complete impedance response of Eq. (15) is represented (Fig. 3(b), blue solid line),
it can be observed that the vertical trend is hardly noticed and the response turns into a large semicircle. This occurs since the differences between λ C and λ TE are not very large and a competition
of the heat storage process in the ceramics with the diffusion of the thermal waves towards the halflength of the thermoelement occurs (Fig. 4(c), blue solid line). At the lowest frequencies the thermal
waves can reach L H and start to interact producing the closing of the semicircle and the linear
thermal profiles of Fig. 4(c) (dashed line).

V. CONCLUSIONS

The thermal dynamics of both a single TE element and a TE device has been analyzed by
impedance spectroscopy. The analysis allows the identification of the different processes governing
the system response which define the different regimes in the impedance spectra. From the analysis
dynamic parameters such as the thermal penetration depth and the thermal diffusion time have been
introduced. These parameters define the dynamic processes which are governed in both systems by
the evolution of the Peltier heat originated at the junctions.
In the case of a single thermoelement, the thermal waves penetrate towards the half-length of
the thermoelement semi-infinitely at high frequencies. At lower frequencies both waves reach the
half-length and start to interact, cancelling each other and avoiding their further penetration.
In a TE device, due to the higher thermal conductivity of the ceramic layers, the thermal waves
initially diffuse predominantly towards the outer edges at high frequencies. At mid frequencies,
they have enough time to cover the ceramic thickness and the heat is predominantly stored in the
ceramics. Consequently, heat storage occurs simultaneously to the thermal diffusion towards
the half-length of the thermoelements. At the lowest frequencies, the thermal waves penetrate up to
the half-length and start cancelling each other until the dc regime is reached.
This analysis demonstrates the possibility of identifying the different physical processes occurring at distinct time scales and provides a detailed understanding of the dynamics of TE phenomena,
which can lead to new strategies in the characterization and development of materials and devices,
such as their transient operation.10,11 Moreover, it also offers the possibility to extend the study to
more realistic operating conditions, which are not typically analyzed in the literature.
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