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Abstract
Vehicle–pavement coupling systems may produce strong vertical random vibration due to the road surface unevenness
and then further induce random vibration of adjacent buildings. It is usually difficult to numerical analyze efficiently as the
model precision and calculation scale of complicated random analysis. In this article, a longitudinal infinite Kirchhoff plate
with Kelvin foundation is employed to model the pavement system, and by proving the symplectic orthogonal characteristic for the damped chain substructure, the infinitely long road surface is regarded as a periodic chain-type substructure,
the model is accurate, and computation scale is reduced. Models of a half vehicle and an adjacent building are coupled to
the plate to produce a unified finite element model. The plate element stiffness matrix is formulated in the coordinate
moving with the load, a typical model of road substructure is built, and the two-dimensional moving element method of
vertical coupling random vibration is formulated, and then the time-varying non-stationary random vibration may be
transformed into time-invariant stationary system. Using the pseudo-excitation method, vertical dynamic responses of
the unified model of vibration source, supporting structure, and vibrated structure are analyzed. The computation efficiency of this method is numerically justified and some vibration influence rules of vehicle to building are drawn.
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Introduction
Complex urban transportation may have harmful influences on the surrounding residents and buildings, principally the environmental random vibrations induced
by vehicle–pavement–structure coupling. Effectively
reducing the influence of vibration and improving residential conditions are the key issues for sustainable
transportation development.1,2 Vehicle–pavement coupling vibrations induced by road surface irregularity
are essentially random. This kind of coupled random
vibration can induce the secondary vibrations of adjacent buildings by impact load spreading through the
pavement structure, foundation, and the surrounding

strata. This research field involves three areas: the random vibration of vehicle–pavement coupling systems,
wave propagation in strata, and the secondary
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vibration of adjacent buildings, all of which are random and time-varying.
While many recent theoretical and numerical contributions have been made in the field, they mainly focus
on the computing capability and efficiency of analysis
methods. Hayakawa et al.3 investigated the vibration
characteristics of different parts of the vehicle, rail,
bridges, and ground by establishing a numerical
dynamic interaction analysis model of high-speed trainvia-duct-foundation soil and using field tests of
environmental vibration caused by the Shinkansen
high-speed trains. Xu et al.4 studied the effects of track
irregularities on environmental vibration caused by
underground railway and built a train–track–tunnel soil
interaction model; the vibration acceleration and frequency distribution of ground surface were obtained.
Alves et al.5 presented a 2.5D finite element method
(FEM)–boundary element method (BEM) model and a
global description of a test site on a stretch of the
Portuguese railway network. Xia and colleagues6,7
researched environmental vibration caused by traffic
systems, established a systematic analysis model of
vehicle–structure–environment–building, and derived
some rules for the propagation of the vibration in
ground, underground, and elevated rail transit, including different terrains, speeds, and loads. By means of a
vehicle–track–soil coupled vibration model based on
vehicle–track dynamic theory, Zhai and colleagues8,9
used the FEM to obtain the characteristics of soil
deformation and vibration and an attenuation law at
subcritical and near-critical speed. Yang and Hung10
successfully proposed a 2.5D finite/infinite element procedure for dealing with the ground vibrations induced
by moving loads, greatly reducing the numerical computation, and solved three-dimensional dynamic problems under train loads. Connolly et al.11 evaluated the
effect of vibrations on passenger comfort, followed by
its effect on track performance; the ground-borne
vibration was discussed along with its effect on the
structural response of the building near railway lines.
Tao and Wang12 analyzed the environmental vibration
caused by the railway and provided an effective method
for the calculation of train random vibration load by
combining the pseudo-excitation method (PEM) with
the analytical model of vertical vibration of vehicle–
pavement–foundation coupling.
It is concluded from these pioneering works in the
field that the difficulties mainly focus on three aspects.
The first difficulty is establishing a reasonable analytical model. The complete vibration system includes
three basic subsystems, and each coupling relationship
between the subsystems has its own characteristics.
Vibration responses transferred with energy waves can
lead to arbitrary energy dissipation if the subsystem
models are analyzed separately. Second, the conventional methods for integrated system analysis are

complicated and costly, which is particularly unacceptable when considering pavements of unlimited length
and complex boundary conditions. Finally, it is difficult to accurately define the random characteristics of
every subsystem.
To overcome these difficulties, in this article, an integrated model is recommended to analyze the environmental vibration caused by a vehicle–pavement
coupling system, and a corresponding numerical analysis method is also developed based on the twodimensional (2D) moving element method (MEM) and
periodic chain substructure theory. Numerical examples justify the correctness and high efficiency of this
new method, which is then used in the vertical random
vibration analysis of an adjacent building.

Symplectic analysis of pavement periodic
chain substructure
The integrated mechanical model for environmental
vibration caused by the highway traffic load coupling
system is shown in Figure 1.
An infinitely long Kirchhoff plate with a Kelvin
foundation is employed to model the pavement and
foundation structures. The vehicle is regarded as a half
rigid model, and the wheels are assumed to remain in
contact with the pavement at all times. Thus, the random vibration system can be coupled with the supporting pavement based on the displacement coordination
condition. The adjacent building is modeled by the
beams and columns, which couple with the supporting
structure through elastic connections as shown in
Figure 2.
Thus, the coupled dynamic model can describe the
vehicle–pavement–building coupling random vibration
system, which is a time-varying non-stationary multiexcitation random problem. Usually, the dynamic equation of the vehicle is deduced based on multi-body
dynamics theory, D’Alembert’s principle gives the differential equations of motion of the pavement, and the
coupling dynamic equation is derived as equation (1)
by displacement coordination condition between the
wheel and pavement. Note that this section focuses on
symplectic orthogonal characteristic for the damped
chain substructure and gives the key equation only,
because their derivation has been given elsewhere13

Figure 1. Integrated environmental vibration model.
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The undamped equations of motion of the substructure have been proved in Lu et al.,14 and the equations
for hysteretic damping are
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where the subscript a denotes the left ends of the substructure; similarly, b denotes the right and i the internal nodes. ua and ub are, respectively, the displacement
vectors of the interface nodes at the left and right ends
of the substructure and ui is the displacement vector of
the internal nodes; K0xx is the submatrix of the substructure matrix, the sum is 9, and subscript ii denotes the
internal nodes of the submatrices, subscript ia is the
submatrix between the nodes of left ends and internal,
and the others are similar; pae , pbe , and pie are the corresponding external force vectors; pa and pb are the
interaction forces imposed by the adjacent substrucpﬃﬃﬃﬃﬃﬃﬃ
tures; T denotes the transpose of a matrix; i = 1
and v is the hysteretic damping coefficient, so that eiv is
the hysteretic damping factor. For the coupled vehicle–
pavement system, the mass M and stiffness K matrices
are the same as those in equation (1). Eliminating the
internal degree of freedom ui

Figure 2. Coupled model of building structure and road
foundation.

Figure 3. Periodic pavement substructure model: (a)
stereoscopic sketch and (b) plan sketch.


M€u + Cu_ + Ku = F(t)

ð1Þ

in which the time-varying random excitation caused by
pavement surface roughness is denoted as the vector
F(t); the mass M, damping C, and stiffness K matrices
include three parts: the mass Md , damping Cd , and
stiffness Kd matrices for the vehicle, respectively; Mu ,
Cu , and Ku for the pavement structures; the mass Mv ,
damping Cv , and stiffness Kv matrices for the adjacent
building. In equation (1), these are coupled in random
vibration with contact conditions between the vehicle
and the pavement.
The pavement is usually considered as an infinitely
long structure in engineering. In numerical simulation, the calculation of equation (1) is complicated
and costly when considering an infinitely long pavement, whereas truncation error is obvious when considering just a part of the pavement structure. This
section gives the well-established symplectic solution
method for a periodic chain substructure and shows
how it is applied to the infinite pavement structure.
Figure 3 shows a periodic pavement substructure
model, in which a harmonic wave with frequency v is
assumed to propagate.

Kaa
KTab

Kab
Kbb



ua
ub




=

pa
pb




+

pa
pb


ð3Þ

Kaa = K0aa  (K0ia )T (K0ii )1 K0ia , Kab = K0ab  (K0ia )T (K0ii )1
K0ib , Kbb = K0bb  (K0ib )T (K0ii )1 K0ib
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Considering the displacements and forces as state
vectors

ya =


 
ua
ub
, yb =
pa
pb

ð4Þ

when the substructure has no external loads (i.e.
pae = pbe = pie = 0), equation (3) takes the following
form in state space
yb = S(v)ya
where
1
Saa = K1
ab Kaa , Sab = Kab
1
Sba = (Kab )T + Kbb K1
ab Kaa , Sbb = Kbb Kab
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It has been proved15 that S is a symplectic matrix,
that is
ST = JSJ1 or ST JS = J


0
In
J=
In 0

(a) mi

jmi j  1
i = 1, 2, . . . , n,

jmn + i j  1

ð7Þ

The corresponding eigenvectors can then be used to
constitute the matrix
F = ½ ϕ1 ,

ϕ2 ,

...,

X
ϕ2n [ a
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ð8Þ

The state vector y at each interface can be expanded
in terms of the eigenvectors as
y=

n
X

Kab
Kbb + Na X1
a
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0
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=
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ð13Þ
Therefore, a periodic chain substructure can be chosen to analyze the vertical vibration of an adjacent
building instead of an infinitely long pavement model.

i = 1, 2, . . . , n;



Kaa  Nb X1
b
KTab

ð6Þ

where J is a unit symplectic matrix and In is the n-order
unit matrix. Thus, if S(v) has 2n eigenvalues, if m is an
eigenvalue of S(v), then so is 1=m. These eigenvalues
are called propagation coefficients because they express
the wave propagation characteristics. Now let the 2n
eigenvalues be separated into two groups

(b) mn + i = 1=mi



(ai ϕi + bi ϕi + n )

ð9Þ

i=1

The coefficients ai and bi are rewritten in vector
forms a and b. Numbering the substructures ..., 22,
21, 0, 1, 2,..., if an external harmonic load acts on substructure 0, it will generate two waves which propagate
to its left and right, respectively. Once the coefficients
a and b for substructure 0 have been obtained, it is
possible to obtain the response in any other substructure k, where positive k is to the right of the loaded
substructure and negative k is to its left



Xa
mk a k . 0
ykr =
Na
(the right of the loaded substructure)


Xb
mk b k\0
ykl =
Nb
(the left of the loaded substructure)

ð10Þ

ð11Þ

where m = diag½m1 , m2 , :::, mn 
For the substructure which is subjected to the harmonic excitation, that is, k = 0, equations (10) and (11)
give
ua = Xb b, pa = Nb b, ub = Xa a, pb = Na a

Vibration analysis and MEM
A substructure of length l has been established to derive
the dynamic equations of the pavement–vehicle coupling system, where l is long enough to include the vehicle wheelbase and the distance from the vehicle to the
adjacent building.
In this mechanical model, the vehicle is regarded as a
spring–mass–damper system with 4 degrees of freedom,
namely, the vertical motion of the vehicle body, rotation in the x  z plane, and vertical motions of the front
and rear wheels. The pavement supporting structure is
regarded as three layers of discrete point supports,
namely, the pavement plate, elastic damping layer, and
foundation layer. The road surface unevenness r(x) is a
stationary random process varying with x. In order to
conveniently analyze the dynamic characteristics of the
system, a moving load method is used to derive its discrete equations. D’Alembert’s principle gives the differential equations of motion of the model of Figure 1 as
Dr2 r2 uu + muu + h

∂uu
∂2 uu
+ m 2 = p(t)d(x  Vt) ð14Þ
∂t
∂t

where r2 is the Laplacian; uu = uu (x, y, t) represents the
displacements of the pavement plate and buildings;
D = Eh3 =12(1  y) is the plate flexural rigidity; h, E, y,
and m are, respectively, the thickness, elastic modulus,
Poisson’s ratio, and mass per unit area of the plate; p(t)
is the external load; m and h are the rigidity and damping of the foundation, respectively; and V denotes the
speed of the moving load.
For single-point or multi-support excitation models,
it is effective to change the moving vehicle load into
contacting pavement elements by assuming a moving
coordinate, as shown in Figure 4. Based on the 2D
MEM,16 the elements are formulated in a relative coordinate system attached to the moving vehicle. These are
not physical elements attached to the material, but are
conceptual elements that ‘‘flow’’ along the pavement
with the moving vehicle. The main advantage is that the

ð12Þ

Substituting equation (12) into equation (3) yields
the equation of motion denoted by the symplectic
modal coordinate ½bT , aT T as

Figure 4. Discretization of plate into moving elements.

Downloaded from ade.sagepub.com at CARDIFF UNIV on August 19, 2016

Xu et al.

5

moving vehicle is relatively static in this coordinate system and does not cross from one element into another,
thereby avoiding the updating of force and displacement vectors due to the change in contact point on the
elements.
Now consider a typical moving rectangular element
of length a and width b, with nodes i, j, m, and l. Define
the moving coordinates X , Y as
X = x  Vt, Y = y

ð15Þ

Then the equation of motion of this moving element
can be expressed as


∂uu
∂uu
V
Dr2 r2 uu + muu + h
∂t
∂X
 2
2
2 
∂ uu
∂ uu
∂ uu
+ V 2 2 = pd(X )
 2V
+m
∂t2
∂t∂X
∂X

ðð

(BT DB)ueu ds +

ðð

s

mNT Nueu ds

s


ðð  e
∂uu T
∂NT
e
N NV
Nuu ds
+ h
∂t
∂X
s

ðð  2 e
2 T
∂ uu T
∂ueu ∂NT
2∂ N
e
N+V
+ m
N N  2V
Nuu ds
∂t2
∂t ∂X
∂X 2
s
ðð
 Npd(X )ds = 0
s

ð16Þ

Using the FEM, the deflection uu can be expressed
by the nodal displacement vector ueu as
u = Nueu

Substituting equations (17) and (18) into equation
(19) gives

ð17Þ

where N is the shape function vector, which for a
Kirchhoff plate element with Kelvin foundation can be
written as
N = fNi , Nxi , Nyi , Nj , Nx j , Nyj , Nm , Nx m , Nym , Nl , Nx l , Nyl g
ð18Þ

2

∂2 Ni
∂x2
∂2 Ni
∂y2

ðð

Nxk = bck (1 + j0 )(1 + c0 )(1  c2 )=8
Nyk = ajk (1 + j0 )(1 + c0 )(1  j2 )=8

ðð
Vh
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BDBds + m

s
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T

N Nds  2Vm

s

s

ð19Þ
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ð21Þ

s
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∂NT
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s

where xc and yc are the central coordinates of the element in moving coordinate. Note that most of the elements do not contact with any loads, and for such
elements, the force terms on the right-hand side of the
equations of motion vanish. Using Galerkin’s approach,
equation (16) is multiplied by a weighting function N
and is integrated over the surface of the plate element.
The weak Galerkin form can be obtained as

∂2 Nyl
∂x2
∂2 Nyl
∂y2

It can be shown that the element mass Me , damping
Ce , and stiffness Ke matrices in the moving coordinate
system are, respectively16
Ke =

k = i, j, m, l; j = (x  xc )=a; c = (y  yc )=b;
j0 = jjk ; c0 = cck

...

6
7
6
7
6
7
6
7
...
B=  6
7
6
7
6
7
2
2
2
4 ∂2 N
∂ Nyi
∂ Nyl 5
∂ Nxi
i
2
2
... 2
2
∂x∂y
∂x∂y
∂x∂y
∂x∂y
2
3
1 y
0
Eh3 4
5
y 1
0
D=
12(1  y)
0 0 (1  y)=2

Nk = (1 + j0 )(1 + c0 )(2 + j0 + c0  j2  c2 )=8

in which

∂2 N y i
∂x2
∂2 N y i
∂y2

∂2 N x i
∂x2
∂2 N x i
∂y2

ð20Þ
3

ðð

Me = m

ðð

∂NT
Nds
∂X

ð22Þ

s

NT Nds

ð23Þ

s

Assembling all the element matrices gives the equations of motion of the pavement
M€u + Cu_ + Ku = F(t) = F1 + F2

ð24Þ

Here, F is the excitation vector which includes two
terms, F1 caused by the vehicle weight and F2 related to
the random road roughness. The response induced by
F1 is deterministic and is easily obtained by numerical
methods. In this article, we focus on the random vibration characteristic of the coupling system caused by F2 .
It can be reasonably assumed that the excitations
aroused by the pavement surface irregularity are

Downloaded from ade.sagepub.com at CARDIFF UNIV on August 19, 2016

6

Advances in Mechanical Engineering

stationary Gaussian processes with the power spectrum
density (PSD) matrix denoted as Sr (O) in spacedomain. According to random vibration theory, the
PSD matrix Sr (O) can be denoted as Sr (v) in timedomain in equation (25); Sr (v) be expressed as equation (26) based on GB703117
Sr (v) =

1
Sr (O)
V

ð25Þ
ð26Þ

where n is a spatial frequency (m1 ); n0 is its reference
value, with n0 = 0:1 m1 usually used; Sq (n0 ) is the PSD
value at frequency n0 and is related to the road grade.
u = f u1 u2 . . . un g is the nodal displacement vector. Using MEM, the load speed, foundation damping,
and rigidity are all coupled with the element matrices,
and, as will be seen below, equation (24) can easily be
computed because it is linear and time-independent.

where ~r1 and ~r2 denote the pseudo-sinusoidal excitation
of the pavement in the front and the rear wheel location, respectively, and t1 and t2 are the time difference.
The input PSD Sin (v) and output PSD Sout (v) can be
expressed as
ð31Þ

Note that it is assumed that Sr (O) is known, and
equation (30) means that the coupled system has many
deterministic harmonic excitation components corresponding to different O as its inputs. Clearly, when
PEM is used, it is very efficient because the computation only involves the solution of linear equations and
vector multiplications.

Numerical example
Computational model and parameters

PEM of moving element
For the coupled random vibration of equation (24), the
response power spectral density (PSD) matrix can be
expressed as18
Sout (v) = H (v)Sin (v)HT (v)

ð27Þ

where Sin (v) and Sout (v) are the PSD matrices of the
excitation and response vectors, respectively; H(v) is
the frequency response matrix and the superscript *
denotes the conjugate of a matrix, and v is time-domain
frequency. In fact, at the pavement–wheel contact
points, the excitations can be regarded as fully coherent,
and so can be transformed into a sinusoidal excitation
based on the PEM, thus considerably simplifying the
computation without losing any accuracy.
In the vehicle–pavement computational model, F2
can be expressed as
r(x) = fr(x), r(x  lt )g

T

ð28Þ

where lt is the distance between the two wheels, and r(x)
is the pavement surface irregularity, composed of the
front wheel location excitation r(x) and the rear wheel
r(x  lt ). Assuming Sr (O) is the PSD of r(x), then
Sr (O)
;
V

lt
V

Sin (v) = ~r~rT , Sout (v) = ~u ~uT

2pSq (n)n20 V
Sr (v) =
v2

Sr (v) =

t1 = 0, t2 =

v = OV

ð29Þ

where Sr (v) and Sr (O) are the PSD of the pavement
surface irregularity excitation, v is the time-domain frequency and O is the space-domain frequency. The
pseudo-harmonic excitation is constituted as
~r(t) = f~r1 , ~r2 gT = feivt1 , eivt2 gT

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ivt
Sr (v)e

ð30Þ

A simplified model of a coupled vehicle–bridge system
is shown in Figure 1. Assume the vehicle moves in the
x-direction (at y = 0) on the smooth pavement with
velocity V. The pavement substructure length is
l = 60 m. The adjacent building is a three-story slab
structure for which Rayleigh damping is used. The parameters for the vehicle,19 pavement, and adjacent building
are listed in Table 1. The PSD for the roughness of the
pavement surface is given by the Chinese national standard (GB7031), which can be expressed as equation (26),
where V is the vehicle velocity, n0 is a reference frequency
(usually n0 = 0:1 m1 is assumed), and Gq is a coefficient
related to the road grade (Gq = 6:4 3 106 m2 m1 for
Grade B; Gq = 25:6 3 106 m2 m1 for Grade C).

Computational results and response analysis
Using a self-compiling program in MATLAB 6.5,20 the
vibration responses of the three subsystems are
obtained and shown in Figures 5–9. Figure 5 shows the
three-dimensional deflected shape of the pavement. It
can be seen that the deflected shape is a strip deformation and it is influenced considerably by the moving
speed. The responses of the pavement and the belt of
folded strata adjacent to the building are relatively
strong, because the building’s larger rigidity enhances
the pavement stiffness. Correspondingly, the response
amplitude on the other side is much weaker.
Figure 6 shows the PSD of vehicle body vertical
acceleration when the road condition is Grade B. It
shows two peaks, the first peak just below 2 Hz and the
second at about 6 Hz, which are caused by the phase
difference of wheel excitations.
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Table 1. Vehicle, pavement, and building parameters.
Parameter
Vehicle model18
Mass of the vehicle body
Masses of vehicle front or rear wheel
Rotational inertias
Rear stiffness coefficient
Front stiffness coefficient
Rear and front damping coefficients
Distance from rear wheel to core
Distance from front wheel to core
Tire stiffness coefficient
Pavement model
Elastic modulus
Poisson’s ratio
Mass per unit area
Plate thickness
Foundation reaction modulus
Foundation damping coefficient
Building model
Floors
Story height
Floor thickness
Column cross-sectional area
Elastic modulus
Mass per unit length
Vertical rigidity at contact points
Damping at contact points

Value
mc = 708 kg
mr = mf = 80 kg
J = 1060 kg m2
kr = 19, 326 N=m
kf = 20, 292 N=m
cr = cf = 1000 N s=m
lr = 1:308 m
lf = 1:168 m
wkr = wkf = 128,
760 N=m
E = 1:51631010 Pa
y = 0:35
r = 3:663102 kg=m2
h = 0:15 m
m = 9:53107 N=m3
h = 1400 kN s=m2

Figure 6. Vehicle vertical acceleration PSD.

3
hl = 3 m
tl = 0:15 m
Ap = 0:8 m2
Ec = 2:531010 N=m
rl = 2:53103 kg=m
kve = 1:03109 N=m
cve = 3:4753106 N s=m

Figure 7. Building mid-acceleration responses.

Figure 5. Three-dimensional deflected shape of the pavement.

Figures 7–9 give the vertical vibration responses of
the adjacent building, which are induced by the vehicle–
pavement coupling system, respectively, including the
building mid-acceleration responses, vertical acceleration PSD, and mean vertical displacement. The midacceleration means of different floors can be compared
in Figure 7, where it is seen that the resonance frequency is the same for the first and third floors, and
that the amplitude of the first floor is bigger. It is also
found that the responses of the building become

Figure 8. Building vertical acceleration PSD.

stronger as the vehicle approaches it and decrease as the
vehicle leaves, and the response differences between different floors gradually vanish. Because of the damping
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3.

Figure 9. Building mean vertical displacement.

effect of the building structure, the vibration is gradually damped out.
Figure 8 gives the vertical acceleration PSD of different floors. The results show that the response peaks of
the building are located near 20 Hz. This characteristic
remains unchanged while the vibration accelerations
decrease with increasing floor height, which reflects the
energy attenuation of the wave. Figure 9 gives the mean
vertical displacements of different floors and shows that
the peaks of mean displacement increase as the midacceleration responses increase. In contrast, the variations in the response peaks increase with increasing
height.

Conclusion
This article establishes an integrated numerical model
for traffic-induced environmental vibration, including
vibration source, propagation path, and a vibrated
building. A periodic chain substructure is used to simplify the infinitely long pavement. The 2D MEM is
derived to change the non-stationary random vibration
into quasi-static dynamic functions in each substructure. PEM and symplectic methodology have been combined to study the dynamic behavior of the complex
system. The numerical example has verified the feasibility and efficiency of the proposed method. The following conclusions can be drawn:
1.

The periodic chain substructure for a damped
vehicle–pavement system is proved to be suitable for analyzing the random responses of an
adjacent building. The model truncation errors
induced by artificial boundaries are avoided
and, because the calculation scale is decreased,
computational accuracy is enhanced.

For complex non-stationary multiple point excitation, by means of the MEM, the vehicle speed,
foundation damping, and rigidity all are coupled
into the element matrix, and because the system
remains linear and time-independent, the computational efficiency is significantly improved.
The characteristics of building responses
induced by traffic load obviously change with
the distance of the vehicle from the building.
The responses of different floors are affected
considerably by the hysteretic damping of the
building, particularly in the high-frequency
region. As the pavement stiffness is strengthened around the building, the responses on this
side are stronger than those on the other side.

In addition, this article focuses on developing an efficient computational method and a reasonable model
for analysis, and so some assumptions have been made.
Further research will be done to verify such assumptions, and the experimental data will be developed.
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