GARDY ORCA - Online Research @
CARDY® Cardiff

This is an Open Access document downloaded from ORCA, Cardiff University's institutional
repository:https://orca.cardiff.ac.uk/id/eprint/97761/

This is the author’s version of a work that was submitted to / accepted for publication.
Citation for final published version:

Mihai, Iulia C. and Jefferson, Anthony D. 2017. A micromechanics based constitutive model for fibre
reinforced cementitious composites. International Journal of Solids and Structures 110-11 , pp. 152-169.
10.1016/j.ijsolstr.2017.01.032
Publishers page: http://dx.doi.org/10.1016/j.ijsolstr.2017.01.032
Please note:

Changes made as a result of publishing processes such as copy-editing, formatting and page numbers may

not be reflected in this version. For the definitive version of this publication, please refer to the published
source. You are advised to consult the publisher’s version if you wish to cite this paper.

This version is being made available in accordance with publisher policies. See
http://orca.cf.ac.uk/policies.html for usage policies. Copyright and moral rights for publications made
available in ORCA are retained by the copyright holders.




A Micromechanics Based Constitutive Model for Fibre Reinforced Cementitious

Composites

lulia C. Mihai'* and Anthony D. Jefferson?
! Cardiff University, School of Engineering, Queen’s Buildings, The Parade CF24 3AA, UK

* Corresponding author. Email: MihailCl@cardiff.ac.uk

Abstract

A new constitutive model for fibre reinforced cementitious composites based on
micromechanical solutions is proposed. The model employs a two-phase composite based on the
Eshelby matrix-inclusion solution and the Mori-Tanaka homogenization scheme and also simulates
directional microcracking. An exterior point Eshelby based criterion is employed to model crack-
initiation in the matrix-inclusion interface. Microcrack surfaces are assumed to be rough and able
to regain contact under both normal and shear displacements. Fibres are included into the
formulation in both cracked and uncracked conditions. Once cracks start to develop, the crack-
bridging action of fibres is simulated using a local constitutive equation that accounts for the
debonding and pull-out of fibre groups with different orientations. It is shown that the combination
of the rough microcrack and fibre-bridging sub-models allows microcracking behaviour deriving
from both tensile and compressive loads to be modelled in a unified manner. This ability to model
tensile and compressive behaviour using the same micromechanical mechanisms is considered to
be a particularly attractive feature of the formulation, which removes the need for multi-parameter
triaxial yield surfaces and evolution functions that bedevil many competitor models. The model is

successfully validated using a series of examples based on experimental test data.

1. Introduction

Over recent decades there has been much research on fibre-reinforced cementitious composites
(FRCCs) in order to overcome the main deficiencies of plain concrete, i.e. low tensile strength, low
resistance to cracking and relatively brittle behaviour. Today these materials range from

conventional fibre-reinforced concrete (FRC), with enhanced toughness and ductility, to high and
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ultra high performance fibre-reinforced cementitious composites (HPFRCC and UHFRCC) that

exhibit ductile strain-hardening tensile behaviour (Li, 1998; Li, 2003; Naaman, 2011).

In parallel with the development of new FRC materials, and associated experimental
investigations, there have also been considerable efforts to develop models to simulate their
mechanical behaviour. Early attempts at modelling the constitutive behaviour of FRC focused mainly
on specific loading conditions, e.g. uniaxial tension (Lim et al, 1987; Kullaa, 1994; Lange-Kornback
and Karihaloo, 1997; Li and Li, 2001) and uniaxial compression (Soroushian and Lee, 1989; Ezeldin
and Balaguru, 1992; Barros and Figueiras, 1999; Nataraja et al, 1999). Several macroscopic models
have been proposed that consider more general stress states. These often originate from models
for plain concrete that have been modified or extended to describe FRC behaviour and tend to make
use of continuum damage and/or plasticity theories with an additional component that addresses
the crack-bridging effect of fibres (Peng and Meyer, 2000; Luccioni et al, 2012; Hameed et al, 2013).
The series of microplane models for plain concrete, developed since the mid 80s by Bazant and co-
workers, and others, has been extended for the case of fibre reinforced concrete by Beghini et al.
(2007), and Caner et al. (2013). These investigators have included the effect of fibres bridging an
open crack by coupling a softening constitutive function for the concrete matrix with a cohesive
relationship (Kholmyansky, 2002) that simulates the load resistance of the steel fibres. These models
often make use of complex surfaces and evolution functions, usually obtained by fitting
experimental data. They also require multiple parameters which can vary significantly when
calibrating them using data from different experiments, yet have a strong influence on the predicted

behaviour.

Alternatively, models following a mechanics-based approach aim to capture characteristic
mechanical behaviour by simulating simple physical mechanisms at the micro or meso-scale. This
approach has been applied successfully to modelling the mechanical behaviour of various
particulate materials such as metal-matrix composites (Ju and Lee, 2000 and 2001; Ju and Sun, 2001;
Sun andJu, 2001; Chaboche et al, 2001), shape memory alloys (Boyd and Lagoudas, 1996) polymeric
and rubber particulate composites (Ravichandran and Liu, 1995) and also geomaterials such as
concrete, ceramics and rocks (Ju and Lee, 1991; Lee and Ju, 1991; Gambarotta, 2004; Pensée et al,
2002; Pensée and Kondo, 2003; Abou-Chakra Guéry et al, 2008; Zhu et al., 2008 and 2009; Jefferson
and Bennett, 2007 and 2010; Mihai and Jefferson, 2011, Zhu and Shao, 2015; Zhu et al., 2016).

Micromechanics based models have also been proposed to simulate time dependent processes in



cement bound materials such as hydration and early age properties (Bernard et al., 2003; Pichler
and Hellmich, 2011; Pichler et al., 2013 ), creep (Pichler and Lackner, 2008) and shrinkage (Pichler
et al., 2007; Davies and Jefferson, 2015).

The behaviour of cementitious composites reinforced with randomly distributed and oriented
discontinuous fibres is largely governed by fibre pull-out. This may or may not be accompanied by
fibre rupture, depending on the fibre geometry and fibre-cement matrix interface properties (Li et
al., 1991; Li, 1992). When a crack opens, the fibres crossing it begin to debond and are subsequently
pulled out. In this process, they can be considered to apply closure tractions to the crack faces thus
stabilising the crack growth. Via these crack-bridging mechanisms, the fibres continue to transfer
stresses between the two crack faces until they are completely pulled out. The key factors that
influence the crack-bridging effect of fibres and ultimately the overall behaviour of FRC, particularly
in the post-cracking stage, are the bond between the fibres and the cementitious matrix and the
behaviour of this interface (Wei et al., 1986; Mandel et al., 1987; Naaman et al., 1991b) as well as
the dispersion and orientation of fibres (Ferrara et al., 2008; Bolander et al., 2008). For conventional
fibre reinforced cementitious composites, that have volume fractions of typically up to 2%, the
uniaxial tensile and compressive strengths are only moderately increased; however, the overall
toughness and energy absorption capabilities can be increased considerably. High performance and
ultra high performance fibre reinforced cementitious composites with increased fibre content (over
2% by volume, typically 6-10%) and carefully engineered cementitious matrices have been
developed in more recent years, that have overall superior mechanical properties and dramatically

improved behaviour (Habel et al., 2006).

Several models that describe the debonding and pull-out of randomly distributed and oriented
short fibres from a cementitious matrix have been proposed (Stang et al., 1990; Li et al., 1991; Li,
1992; Naamanetal., 1991a,b; Lin and Li, 1997). Stang et al. (1990) derived a solution for the problem
of an elastic fibre embedded in a rigid matrix assuming that debonding has started and an interfacial
crack has developed along part of the fibre-matrix interface. Two criteria for the propagation of
debonding were proposed and evaluated; a stress-based and an energy based criterion respectively.
Naaman et al. (1991a,b) proposed an analytical model that describes the whole pull-out process of
a single fibre aligned with the pull-out force, assuming a linear-elastic — constant frictional bond-slip
relationship. Li and co-workers (Li et al., 1991; Li, 1992; Lin and Li, 1997) proposed a series of

micromechanics based crack-bridging models that describe the debonding and pull-out of fibres



crossing a crack. The distribution and orientation of fibres relative to the crack-plane was taken into
account via probability density functions and closed form solutions were derived for 3-D uniform
random distributions and orientation of fibres. In these contributions, a number of assumptions
were considered for the fibre-matrix bond model, including constant interface shear stress (Li,
1992), slip-weakening (Li et al., 1991) and slip-hardening behaviour (Li et al., 1991; Lin and Li, 1997).
Zhan and Meschke (2014) addressed the pull-out behaviour of steel hooked-end fibres with an
analytical model in which the anchorage effects induced by the hooks are evaluated at key pull-out
stages that depend on the hook geometry. At each of these key stages the resulting anchorage force
was determined from equilibrium of forces and moments, taking into account the damage of

concrete and the yielding of steel.

Micromechanics based models describing the crack-bridging action of fibres have also been
employed in the material design of fibre reinforced cementitious composites. In the case of ECC,
micromechanics principles provided a framework for microstructure tailoring and material
optimization in which the material microstructure and associated microparameters that control the
behaviour could be identified and subsequently adjusted to obtain desired macroscopic properties
and failure behaviour (Li, 1998; Li, 2003). Following this micromechanics based material design
theory, Li and co-workers developed a high performance fibre reinforced cementitious composite
material which requires only relatively low fibre volume fractions (up to 2%) but which exhibits
extensive strain-hardening, has increased strain capacity (up to 6%) and a tensile strength of around

65 MPa (Li, 1998).

Karihaloo and co-workers developed a series of micromechanics based models in which doubly
periodic arrays of aligned penny-shaped cracks within an elastic solid are bridged by fibres
(Karihaloo et al, 1996; Karihaloo and Wang, 2000). Kabele (2003) proposed a constitutive model to
capture the strain-hardening behaviour of ECC in which a relationship between overall stresses and
overall strains was derived for a solid Representative Volume Element (RVE) intersected by two
mutually perpendicular sets of cracks bridged by fibres. A principal stress criterion governs the
initiation of the two sets of cracks that can undergo opening and sliding displacements. The opening
and sliding displacements are related to normal and shear tractions through a fibre-bridging crack-
plane model that describes the debonding and pull-out of fibres with 3D random distributions and
orientations. This model was later applied in a sequential multiscale framework (Kabele, 2007) for

modeling the behaviour of ECC in order to describe the overall constitutive relationship of an RVE



containing multiple cracks at a mesoscale level. In the approach proposed by Kabele (2007), four
relevant length scales were identified; a macroscale — given by the size of structural elements,
mesoscale Il — associated with RVEs containing multiple distributed cracks, mesoscale | —associated
with the bridging action of fibres across a crack and a microscale — at which the dominant
mechanisms are the propagation of cracks from preexisting defects fibre pull-out. Analytical or
numerical models were established for each of these length scales and spatial averaging was used
to provide the link between consecutive scales. The benefit of such an approach is that the fracture

behaviour of the composite can be captured across all these relevant length scales.

Similar benefits are provided by discrete models that simulate explicitly the different phases of
the composite (i.e. cementitious matrix, aggregate particles, fibres and their interfaces) and the
interaction between them (Bolander and Saito, 1997; Bolander et al., 2008; Radtke et al., 2010;
Cunha et al., 2012; Schauffert and Cusatis, 2012; Schauffert et al., 2012; Kang et al., 2014). The key
objective of this class of models is the accurate description of the complex micro and meso-structure
of fibre reinforced composites and capturing in great detail the dominant physical mechanisms that
govern their macroscopic behaviour. While the high computational cost of such models is still a
major hindrance to them being extensively applied in the analysis of large scale structural elements,
they are very useful for enhancing our understanding of the mechanisms that govern FRC behaviour.
Moreover, they can be a valuable tool for the design and development of high performance

composites.

A rather different approach was more recently adopted by Oliver et al. (2012) who proposed a
micromorphic model that describes the FRC as a combination of three constitutive domains: the
concrete matrix, the fibres and the fibre-matrix interface. The model is formulated in the general
framework of multifield theory and uses a morphological kinematic descriptor that directly
characterizes the fibre-matrix bond slip mechanism. Micromorphic models can be generally classed
as macroscopic models but enhanced with information coming from particle interactions occurring

at lower scales.

The model proposed in this work builds on a series of micromechanical constitutive models for
plain concrete proposed by Jefferson and Bennett (2007, 2010) and Mihai and Jefferson (2011). The
present work, aimed at developing a micromechanical model for FRC, represents a major
development of these previous models. A particular advantage of the proposed formulation is that

microcracking arising from both tensile and compressive loads is treated in a unified fashion. This



means that the model does not need adhoc yield and evolution functions to deal with compressive

behaviour, which is in contrast to many other multi-axial models for FRC.

The components of the micromechanical constitutive model which employs Budiansky and
O’Connell’s (1976) solution for an elastic solid containing penny-shaped microcracks, the Eshelby
matrix-inclusion solution (Eshelby, 1957) and which features a microcrack initiation criterion based
on the exterior point Eshelby solution as well as a rough crack contact component that accounts for
the recovery of stiffness when microcrack surfaces regain contact is summarised in Section 2. The
influence of fibres is also addressed in Section 2 in a crack-plane constitutive relationship making
use of the crack-bridging stress of Lin and Li (1997). Numerical predictions from single-point
simulations of experimental tests in uniaxial tension, uniaxial and compression are presented in

Section 3.

2. Constitutive model
2.1. Overall framework

The present formulation builds on a model for plain concrete previously proposed by the authors
(Mihai and Jefferson, 2011) which has been extended to address the behaviour of concrete

reinforced with randomly distributed short fibres.

The main concepts of the constitutive model are presented in Figure 1. Fibre reinforced concrete
is modelled as a two-phase solid material that comprises series of circular cracks which can form in
various orientations, defined by y and 8 (Figure 2). It is assumed that the effect of each series of
cracks with the same orientation is equivalent to that of a thin band of material containing these
cumulated microcracks (Figure 1b) and, as damage progresses, they can coalesce and form macro-
cracks. In this work, the mid-plane of the thin band is referred to as a ‘crack-plane’. Furthermore, in
each direction, the corresponding crack-plane is crossed by discontinuous fibres, the distribution of
which is governed by two probability density functions: the first describing the orientation of the
fibres relative to the crack-plane and the other describing the embedment lengths either side of the

crack. The model also assumes that cracks have rough surfaces that can regain contact.
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Figure 1. a) Model concepts. b) Schematic representation of the crack-plane
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Figure 2. Local coordinate system

The overall constitutive equation takes the following form:
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in which ¢ and € are the average or far-field stress and stress tensors respectively, D is the
homogenized elasticity tensor of the two-phase composite and g, is the added strain tensor from a

series of microcracks with the same orientation, written in local coordinates. N; is a strain
transformation tensor such that €xy, = N, & , Where &y, and & represent strain tensors in

Cartesian and local coordinates respectively.

Once cracks form in a certain direction, stresses are transferred across the corresponding crack-
plane via: (i) undamaged material, (ii) rough crack contact or aggregate interlock and (iii) debonding
and pull-out of fibres crossing the crack. The model accounts for these load transfer mechanisms

through a crack-plane constitutive relation which takes the following generic form:
6, =0, +6; . +Gy (2)

in which:
_ . Stress carried by undamaged material
6, =hD, g y g
o, .=hD -F.(g):¢ Stress transferred on cracks that regain contact

o =hV(V; )J.(p L P, o)n(p) p(@) p(z)dzde Stress transferred by fibres crossing the crack

and where oL, €L and DL are respectively the stress, strain and elasticity tensors on the crack-plane,
expressed in the local coordinate system defined by [r(y,0) s(y,0) t(w,0)]; subscript ‘L’ denotes local
or crack-plane quantities and F. is a contact tensor. ¥(V)) represents the number of fibres crossing
a unit crack-plane area, P is a fibre pull-out force and n is a unit vector along the fibre longitudinal
axis. p(p) is a probability density function of the fibre orientation angle relative to the crack-plane
and p(z) is a probability density function fibre embedment lengths. 4, and /4 are the proportions of

undamaged and cracked material on a particular crack-plane, noting that 4, + ha=1.
The main components of the model, each of them corresponding to a mechanism, are as follows:

1. Two-phase composite. Concrete is modelled as a two-phase composite that comprises a
matrix phase (m) and spherical inclusions (Q) representing the mortar and the coarse
aggregate particles respectively.

2. Directional microcracking. Circular microcracks with various orientations are distributed
throughout the composite. For any given orientation, the density of the microcracks is
interpreted as a (directional) damage parameter and the initiation of cracking is based on a

crack initiation criterion described at point 3.



3. Crack initiation. Damage or cracking in each direction is initiated according to a local principal
stress criterion based on an exterior point Eshelby stress distribution. In this work the term
‘local’ refers to the orientation/direction under consideration.

4. Rough crack contact. The crack faces are assumed to have rough surfaces that can regain
contact under normal and shear movement.

5. Crack-bridging action of fibres. As a crack opens, the randomly distributed short fibres that
cross the crack-plane undergo debonding and start to pull out from the concrete matrix and

during this process they apply closing tractions on the crack faces thus restricting the opening.

2.1. Two-phase composite. Eshelby solution for a spherical inhomogeneity and Mori-Tanaka

homogenization.

The homogenised elasticity tensor D (given in Equation 1) is obtained from the elastic properties
and the volume fractions of the two phases using the classic Eshelby solution for an ellipsoidal
inclusion embedded in an isotropic infinite elastic matrix (Eshelby, 1957) and the Mori-Tanaka

averaging method for a non-dilute distribution of inclusions (Mura, 1987):

]_)z(mem + faDa ‘TQ)‘(fmI4S +fQTQ)_1 (3)

in which D and Do represent the elasticity tensors of the matrix and the inhomogeneity phase
respectively, fm and fo are the volume fractions of the two phases with fm + fo = 1, I** is the fourth

order identity tensor and Tq is given by:
Ty =1"+S, - [(Dg-D,)Sq+D, | (D, -Dy) (4)

where Sq is the Eshelby tensor for spherical inclusions (Nemat-Nasser and Hori, 1993).
2.2. Microcracking. Budiansky and O’Connell solution for circular microcracks.

The added strains resulting from the microcracks are superimposed on the composite such that

the constitutive equation becomes:



6=D:(z-¢) (5)

The overall added strains due to the presence of microcracks is obtained as follows (Nemat-

Nasser and Hori, 1993; Budiansky and O’Connell 1976):
_ 1 p27 % ) .
g, —;IO JO N, (v,0):¢, -sin(y)dwdo (6)

where g, is the added strain tensor from a dilute series of microcracks with the same orientation,
defined in the local co-ordinates (r,s,t) of the crack (Figure 2). w and € define the orientation of the
local coordinates of the microcracks relative to the fixed reference system, with the unit vector
normal to the microcrack plane being r = (siny-cosf siny-sinf cosy). The total added strains &, are
obtained in the fixed reference configuration by transforming and summing the contributions of
microcracks from all orientations. The strain tensor from a dilute series of microcracks with the same

orientation is:
g, =C, (v,0):0,=f(y,0)C,. .0, (7)

in which oL = (o1~ o1 01)" is the local stress tensor, fly,0) is the crack density parameter
introduced by Budiansky and O’Connel (1976) and C,. is the additional compliance due to the
presence of microcracks. In this work, the term ‘local’ and subscript ‘L’ refer to quantities in the local
co-ordinate system (r,s,t) - shown in Figure 2 - associated with each family of microcracks with the

same orientation relative to the Cartesian co-ordinate system (xi, X2, X3).

If 61 and €, are considered in reduced vector forms ( [oL+ 01rs 01" and = [ear Yars Yart]®
respectively) containing only the components which can be non-zero, and Cq. is expressed as a
matrix relating these local vectors, then, for a dilute series of cracks , C. takes the form (Nemat-

Naser and Hori, 1993):

1 0 0
16(1-v, 2
€= 2t o 8
3E, 2-v,
0 0 4
| 2—Vm_

where E,, and v, are the Young’s modulus and Poisson’s ratio of the matrix phase respectively.

For each orientation the crack density parameter f{i,6) characterizes the degree of cracking of

the crack-plane associated to that direction. In Jefferson and Bennett (2007) the crack density
10



parameter of Budiansky and O’Connell (1976) — f— was expressed in terms of a directional damage

parameter w(y,d), which varies between 0 at no damage and 1 at complete damage, such that:

_ 3 o(y,0) (9a)
f.0) 16(1-v,>) 1 -o(y,0)

and

C,.0)= fW,0)C,, =%0L (9b)

where C_ is the local elastic compliance tensor, the equivalent matrix form of which is

1 0 0
CL=L 0 4 0
E, 2-v,
0 0 4
i 2-v, |

Noting that the local stress (oL) is related to the total stress (o) as follows:
o, (y.0)=N(y.0):5 (10)

where N(y,6) is the stress transformation tensor, given in full in Jefferson (2003). Making use of

Equations (7) and (9b) and (10), Equation (6) becomes:

1 (e . oy,0) : - G
g, ‘EUO IO st("”e)'m'cL .N(l//,&)-sm(l//)dl//dé’j.c (11)

Introducing Equation (11) into Equation (3) and rearranging gives:

— ~1
(4 D 2 L ow.0) . . | -
6:(14 +EJ‘0 IOZNE(l//,e)mCLN(l//,g)SIH(l//)dl//de] -D:e (12)

2.3. Microcrack initiation criterion.

The crack initiation criterion proposed by Mihai and Jefferson (2011) is adopted in the present
model; microcracking in each direction is assumed to initiate in a band of matrix material within the
interfacial transition zone (ITZ), when the local principal stress in this band reaches the tensile

strength of the interface (f#). It is noted that the band of material is constrained such that the only
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non-zero components of the local strain and stress tensors are the rr, rs and rt components. The

initial damage surface, F is given by:
F(o,,f;)=0,(6,)=f;=0 (13)

The ‘exterior point Eshelby’ solution (Eshelby, 1959) is employed in evaluating the local stresses
in the thin band of matrix material in the ITZ. This solution gives the expression of the total stress
field outside an ellipsoidal inclusion embedded in an infinite elastic matrix (Ju and Sun, 1999). The
Mori-Tanaka homogenization scheme is applied in order to account for the interaction between

inclusions and the total stress field in the matrix outside an inclusion is obtained as:

-1

G (0 =Dy [ 1" 485 (0) By, |- foTo + £,1% | :(2-%,) (14)
in which B, = —[SQ +(Dg —Dm)_1 -DmTI :

Se(x) is the exterior point Eshelby tensor for spherical inclusions, derived in a dimensionless form
in Li et al. (2007) and x is the position vector relative to the centre of inclusion. In each direction,
the local stress in the thin band within the ITZ from Equation (13) is obtained by applying the static
constraint from Equation (10) to the expression of the total strain given by Equation (15) for a

position x located on the matrix-inclusion boundary:
O mo (X,¥,0)=N(y,0):06,,5(x) (15)

and the local strain tensor is:

o ¥.0)=C " 10, o(x¥,0) (16)

A local damage function was subsequently derived from the local crack initiation criterion in

Equation (13) and is given by:

2
I+ -«
Fg(SL’g): ‘E'erTL—’_\/gerz[ 2 Lj +rL2(8LrS2 +8Lrt2) _g (17)
in which 4 - Vm no= Ym =172 3nd noting that the following loading/unloading conditions
1-vy, Vi —1
apply:
F.<0; ¢20; F£=0 (18a,b,c)
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It was shown in Mihai and Jefferson (2011) that when the composite is subjected to uniaxial
compressive stresses, the expression of the stress field in the matrix phase outside the inclusion in
Equation (14) captures sharp gradients and tensile stress concentrations in a lateral direction and in
aregion adjacent to a matrix-inclusion interface. In a comparative study, Davies and Jefferson (2015)
showed a very good agreement between the exterior point Eshelby solution and a finite element
solution of a matrix domain with a finite set of inclusions. The two-phase composite description of
the material combined with the exterior point Eshebly crack initiation criterion allows the model to

simulate compressive splitting cracks naturally.

Once damage is initiated in a certain direction, the evolution of the damage parameter is based

on a standard exponential tensile softening function given by:

—&;
é, ¢ ¢—étm

__m_e £0~¢tm (19)

where &m is the matrix strain at first damage, given by ¢ = 1, /E, and g = uo/h, where uy is the

relative displacement at the effective end of the uniaxial tensile softening curve; c; (=5) controls the
shape of the uniaxial tensile softening branch and h is a length parameter assumed equal to the

width of the fracture process zone (Bazant and Oh, 1983).

2.4. Rough crack contact

Various studies of micrographs of fractured concrete specimens at micro and meso levels show
that cracks in cementitious materials have rough opposing surfaces (Zampini et al., 1995; Issa et al,
2003; Nichols and Lange, 2006) and these can come into contact not only when the crack closes but
also under combinations of shear and opening displacements. Therefore a model that takes into
account the tortuous nature of crack surfaces is likely to give more realistic predictions. The rough
contact crack-plane model (Jefferson 2002, Mihai and Jefferson, 2013), written in stress — relative

displacement terms, considers crack-plane strains as follows:

T_ 1 “t]T (20)

[grr Eis grt]

Itis assumed that in each direction the local stress that is transferred across a crack-plane has an

undamaged and a damaged component respectively, as illustrated in Figure 3. The undamaged

13



component represents the average stresses on intact material whereas the damaged component

describes the recovered stress on damaged material that regains contact.

o Z(I—Q)(V/,H))GLH +w(l//a9)ch (21)
in which:
6, =G5, (22

and the stress recovered when the cracks regain contact, 61c is proportional to a so called

embedment strain g (Figure 4) —which in turn depends on the state of contact — as follows:
-1,
6,.=HE)C g (23)
Equation (21) is equivalent to the first two terms in Equation (2) for which /, = 1 — w and hs =w.
The embedment strain g is obtained by the following transformation of the local strain:
g=D(m, & ):€; (24)

where ®(myg,g1) is a contact matrix that depends upon the contact state. Three contact states are
considered in the model; open, interlock or closed (Figure 4). The contact regions are delimited by

two contact surfaces — the interlock surface (¢

2 2

¢int (SL ’mg) = mgger V€L e = 0
’ 2 2

¢Cl (SLfmg) =€yt mg s TéLw = 0

in which my is the slope of the interlock surface and represents, in a physical sense, the slope of the

=0 ) and the closed surface (¢4, =0) given below:

int

(25)

asperity, thus being a measure of the crack surface roughness. The mathematical description of the

contact model is given in Table 1.

Damaged (hq) Undamaged (h.)

o, = oHD| -® :g + (I-w)D g

X e

(o NS e R
REGERC AR

Figure 3. Rough crack contact illustration
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Figure 4. Contact surfaces and contact states

Table 1. Contact formulation

Contact
Region Contact matrix (=)
state
G (& ,1,) 20 Open 0>
%(SL,mg)<O
T
L[ 0w |0 | |, O
& Interlock oy [( 22, ]( 28, ] + o2, }
qﬁd(sL,mg)>0
¢ (&,m,) <0 Closed *

H (e1) in Equation (23) is a contact reduction function that accounts for the reducing potential
for shear contact between opposing rough crack surfaces as the crack opening increases. The
contact reduction function, derived from geometrical considerations in Mihai and Jefferson (2011,

2013), decreases from 1 to 0 and is given by:

735L11'5ti

H(g )=e ‘¢ (26)
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where g, = h;/ h is the relative asperity height, in which %; is the height of the asperities

As in previous work, the roughness of the crack surface is assumed to be variable, i.e. the
asperities on the crack surfaces have various relative heights (g;) and slopes (mg) (Mihai and
lefferson, 2011; Mihai and Jefferson, 2013). The roughness variation can be introduced through a
probability density function pc (g¢, mg) and the stress recovered through contact has the following

expression:
GM:CL—l. IIpc(gg,mg)H(aL,gg)(I)(aL,mg)dmgdgg g (27)
ég Mg

A discrete probability distribution was employed in the current work, full details of which are

provided in Section 3.1.

Taking into account Equations (22-24) and Equation (27), Equation (21) becomes:

GL(l//,H):CL_I- (l—a)(y/,ﬁ))lzs+a)(y/,t9)-j Ipc(gg,mg)H(aL,gg)(I)(SL,mg)dmgdgg gL (28)

& m

g 78

To include the rough contact into the model ¢ _(y,0)= MCL in Equation (12) is replaced
‘ 1-o(y.0)

with the added compliance C., obtained by inverting Equation (28) and removing the elastic

compliance, which gives:

-1

Cou,0)=|| 1= +0p.0)- [ [ pole,m)H(E. )0 ,m,)dmde, | —17 |:C_ (29)

Ey M

g g

2.5. Local constitutive relationship. Influence of fibres

The influence of randomly distributed short fibres on the mechanical behaviour of FRC is now
addressed. The incorporation of short fibres into cement-based composites leads to an

improvement of their mechanical properties.

The underlying mechanism that causes this improved behaviour is fibre debonding and pull-out.
When a crack opens the fibres crossing the crack-plane begin to debond from the concrete matrix

and are subsequently pulled out (i.e. the fibres slide relative to the concrete matrix). Throughout

16



this process, the fibres apply closure tractions on the crack faces. Via these crack-bridging
mechanisms, the fibres continue to transfer stresses between the two crack faces until they are

completely pulled out.

The effect of fibres under uncracked conditions is taken into account on the elastic modulus
according to the law of mixtures, with the fibre component being derived from a three-dimensional

random fibre network as presented in Garg et al. (1973):

EV. _ V.
Epge = j6f +E(1—?f) (30)

in which Errcis the Young’s moduli of the undamaged FRC, Eris the Young’s moduli of fibres, a,
E is the elastic modulus consistent with the homogenised elasticity tensor D in Equation (3) and
Vr is the volume fraction of the fibres. It is noted that the addition of fibres in relatively limited
amounts, as is the case for conventional FRC, has a second order effect on the effective elastic

properties.

The bridging influence of fibres is taken into account through the third term in the local or crack-
plane constitutive relation, o, given in a general form in Equation (2). Since the bridging effect of
fibres becomes significant only after crack formation, the stress transferred across the crack through
the debonding and pull-out of fibres is multiplied by the proportion of damaged material on the

crack-plane under consideration, hq. This concept is illustrated in Figure 5.

Bridged crack Undamaged
oy :a)(HDL '<I)+(1—a)f)DLf) g+ (I-w)D; g

Active fibre Inactive fibre

Figure 5. Crack-plane model with rough contact and fibre-bridging

It was found convenient to write the stress transferred via the fibres in the following form:
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G ¢ =(1—a)f(y/,¢9))DLf £ (31)

where oy is a fibre effective damage parameter that characterises the crack-bridging state of
fibres and varies from 0, for a state before any fibre pull-out occurs, to 1, for a case in which all

fibres are completely pulled out from the matrix.

Diris a local elastic stiffness given by the interface bond of the fibres crossing the crack-plane,
before the start of pull-out, assuming a linear debonding behaviour. It is also assumed that the
bending stiffness or the dowel action of the fibres is negligible and that the fibres deform in
accordance with the resultant crack opening (Figure 6). This is true particularly for fibres with a small
diameter, high aspect ratio and a relatively reduced elastic modulus such as some polyethylene and
polypropylene fibres. However, for the case of steel fibres the model will slightly undersestimate
the shear force transferred across a micro crack and therefore, in this sense, the assumption is

considered mildly conservative.
Taking this into account, Diris isotropic and takes the following form:
Die= Egp 1% (32)

where Eyr is an effective elastic modulus that will be determined in due course.

Figure 6. Negligible dowel action of fibres

The evolution of the fibre effective damage parameter wy is obtained from the following 1-D

relation:
(-w)EyC, =0y, (33)
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in which {ris a resultant crack opening parameter that takes into account the normal and shear
components of the crack-plane strain tensor and is governed by the effective fibre damage function

given in Equation (34) and the loading/unloading conditions given in Equations (35 a,b,c):

1
Fé’f(sLaé,f) = E(ger + \/‘("er2 +4(gLVS2 + gLrtz)) _é,f (34)

Fy<0; ¢,20; Fyl, =0 (35a,b,c)

ocp» in Equation (33) is the stress that is transferred between two opposing faces of a fully formed
crack subjected to normal opening displacements, through the pull-out action of the fibres that
cross the crack. In general, the crack-bridging stress depends upon the density of fibres crossing the
crack, the geometry of fibres (i.e. length Ly, diameter drand shape), the fibre material properties (in
particular tensile strength, firand Young’s modulus, Ej), the orientation of the fibres relative to the
crack-plane, the embedment lengths either side of the crack-plane and the nature of the bond
between the fibres and the cementitious matrix. The crack-bridging stress can be determined by
integrating the individual contributions from those fibres that cross the crack-plane (Li et al., 1991).
For fibre reinforced concrete, in which the fibres are randomly distributed and oriented, a general

expression for the crack-bridging stress in relative displacements terms can be written as:
Ny
oo =—L[ [ P(0.20.b.w) p(p) p(z)dpdz (36)
p

where Nyis the number of fibres crossing the crack-plane of area 4.y, and depends upon the
volume fraction of fibres in the composite (V7 and their cross-sectional area. w is the normal
opening displacement, Pris the pull-out force carried by a single fibre, ¢ is the orientation angle of
the fibre relative to the crack-plane, z is the distance between the centroid of the fibre and the
crack-plane. O represents the set of properties related to the material and geometry of fibres,
including the shape of fibres - e.g. straight, crimped, with hooked ends etc - and b represents the
set of fibre-matrix bond properties. p(p) and p(z) denote probability density functions of the fibre

orientation angle and centroidal distance to the crack-plane respectively. Noting that the volume

VA

fraction of fibresis N, =A—°”, Equation (36) becomes:
S
4V
(W) =—23[ [ Pr(9,20,b,m): p(g)- p(:)dpdz (37)
wd ;" 0
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Experiments show that the single fibre pull-out force increases for increasing fibre inclination
angle ¢, a phenomenon called ‘snubbing effect’. According to Li et al. (1990), the force required to

pull out a fibre with an inclination angle ¢ is:

where Pp = Pr(¢=0), ¢ is expressed in radians and f; is a snubbing coefficient that depends upon

the type of fibres and the strength of matrix.

The pull-out behaviour of a single fibre can be measured experimentally and the pull-out force —
displacement curve used directly in Equation (37). Several fibre pull-out models have been
proposed, that employ mechanics (e.g. Li et al., 1991; Li, 1992; Naaman et al., 1991a,b; Lin and Li,
1997) or fracture mechanics theories (e.g. Stang et al., 1990). The mechanics-based model proposed
by Lin and Li (1997) was adopted here. The pull-out model uses a linear slip-hardening constitutive
relation (Equation 39) between the fibre-matrix interface shear stress (z) and the interface slip (S)

in deriving the pull-out force of a single, straight fibre aligned with the force.
r=ro(l+BS/d,) (39)

in which 7 is the frictional sliding shear stress at the tip of the debonding zone before any slip takes
place and f is a nondimensional hardening parameter. The two fibre-matrix interface parameters,
79 and S can be obtained from an experimental single fibre pull-out P-¢ curve, as detailed in Lin and

Li (1997).

Assuming that the disposition of fibres is completely random within the matrix (i.e. p(¢) = sin (p)
and p(z) = 2/Ly) and that only the shorter of the two fibre ends either side of the crack-plane
debonds and pulls out without breaking, Lin and Li (1997) obtained the following analytical solution

for the crack-bridging stress in terms of a normalized crack opening parameter ( w ):

2 l—lcoshfl 1+ /1~l
k k Wy

L
op(W)=0,- [1+f—fw : , Wy <w<1 (40)

20



in which:

ViEs

W _
S (-VpE’

~ L, L,
w= o =O.5gsron(1+77f)d—, k=o—— A =cosh(k)-1, ny
.

2d,

W 2d
w=\/4(1+77f)ﬂ10 [E;, Vig =T{;2, Wy =7f'(008h(k)—1) and g; is a snubbing factor, given by

Equation (41), which in turn depends upon a snubbing coefficient f;:

& 4+2f2 (1+¢77) (41)

Equation describes the crack-bridging behaviour of fibres crossing a crack-plane as they debond

(OSVVSVV‘#) and are subsequently pulled out (VV@(- <W<I) from the cementitious matrix. In this work

it is assumed that the debonding phase is linear elastic and the pull-out phase is governed by the

solution obtained by Lin and Li (1997). Therefore, the following apply to Equation (32):

Edf=%[1+§;‘;' gde~(1—gdf)2 (42)
and
Ed/'gf- s OS§f <&y
Oap(C7)= U{”%Q]‘(I_Q)z » Ey <CrSéy (43)
0 ’ Epf <é’f
where Eqr =Whiand £y :M

For the modest fibre volume considered here (Vy < 2%), uniaxial tensile experiments on FRC
specimens suggest that strains localise soon after the peak stress is reached (Gopalaratnam and
Shah, 1987; Li et al., 1998). The strains localise into a region with a size similar to that of the
maximum size of coarse aggregate particles (dug,). Therefore for the present purposes it is assumed
that the width of the fracture process zone is & = 2:dyge. It is acknowledged that FRC with higher
volume fractions exhibit strain hardening, rather than softening behaviour, for which microcracks

are distributed and strain localisation is delayed (Naaman, 2011).

It is noted that other pull-out models can be employed in Equation (37) as well as different

probability density functions. Indeed, if information on the distribution and orientation of fibres
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exists, it can be readily taken into account in the general expression of the crack-bridging stress and

if an analytical solution cannot be obtained, the double integral can be determined numerically.

The influence of fibres is taken into account in the local or crack-plane stress — strain expression
assuming that the fibre contribution develops after crack initiation. In the case of fibre reinforced

concrete Equation (28) becomes:

6, = (l—a))CL—lJra)CL‘l.J. Jpc(gg,mg)H(sL,gg)(I)(sL,mg)dmgdgg+a)(1—a)f)Dﬂ € (44)

Ey M

£ g

in which the dependencies of w and @y are dropped for clarity. The final stress-strain model can

therefore be written as follows:
D (277 -
EZ(I“U—IO”L2N8(w,e):cadd(w,e):N(w,m‘sin(t//)dwde] ‘D% (45)
T

where

-1

Coa =| CL | (1)1 +0- [ [ poe,m)H (e ,6,)®(e m,)dm dz, |+ o(1-0,)Dy | —Cy (46)

tg Mg

The spherical integration in Equation (45) is evaluated numerically by employing MclLaren’s
integration rule with 50 sample directions (Stroud, 1971). The sensitivity of the model with respect

to the integration rule is shown in Section 3.6

3. Numerical simulations

The capability of the proposed model to capture the characteristic response in tension and

compression of fibre reinforced composites is evaluated in a series of numerical simulations.

Example 1 presents simulations of the uniaxial tension tests of Li et al. (1998) of plain and fibre

reinforced concrete specimens with different types of fibres and various fibre contents.

In Example 2 numerical predictions of the uniaxial compression experimental results of Cachim

et al. (2002) are presented.

Example 3 presents a comparison of experimental and numerical biaxial compression strength

envelopes.
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3.1. Model parameters

A summary of the model parameters and how they relate to the mechanistic components of the
model presented in Sections 2.2-2.6 is provided here along with some recommended values. Four

categories can be distinguished as follows:

a) Elastic material properties related to the two-phase composite solution (Section 2.2); the
Young’s modulus and Poisson’s ratio of the mortar matrix (Ewn, vm), the Young’s modulus and
Poisson’s ratio of the coarse aggregate particles (En, vo) and the volume fractions of the mortar and
inclusion phase respectively (f» and fo). Values for the moduli of elasticity can vary considerably and
typical ranges for mortar are 20-32GPa (Yang, 1998). If not reported in the experimental data, they
can be chosen such that the elastic modulus of two-phase composite matches the initial slope of
the stress-strain curves in uniaxial tension and/or compression. Poisson’s ratio for mortar and for
the aggregate particles is typically around 0.2 (Yurtdas, 2004). In this work the following values were
used throughout: v, = 0.19 and vo = 0.21. The volume fractions of the mortar and inclusion phase,
fm and fo, can be determined from the mix proportions. If no or insufficient information is available
to determine them, the recommended default values are f,, = fo = 0.5. Unless stated otherwise, the

default values are employed in the numerical simulations presented here.

b) Fracture properties related to the crack initiation criterion and damage evolution (Section 2.4);
these are: the tensile strength of the coarse aggregate-mortar matrix interface (f;) the crack
opening at the effective end of the softening curve (uo), parameter ¢; that controls the shape of the
uniaxial tensile softening branch and the characteristic length (4). ¢; is equal to 5, unless stated
otherwise, and h was fixed at 2-d,g; Where dug is the maximum size of the coarse aggregate
particles. For the uniaxial tension case in Example 1 the experimental strains were computed using

the physical gauge length.

c) Contact parameters associated with the rough crack contact model (Section 2.5), i.e. the slope
of the interlock surface (my), the opening strain at which shear contact is lost (g¢) and the probability
distributions pc(eg, mg). These parameters provide a geometrical characterization of the crack
surface roughness, mg representing the slope of the surface asperities and &, the asperity height in
strain terms (Mihai and Jefferson, 2013). Statistical distributions of slopes and heights of surface
asperities can be determined from crack surface profiles and such attempts have been made by

Boussa et al. (2001) and Lee et al. (2001). In this work a simple discrete distribution, given in Table
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2, has been employed for all numerical simulations and the double integral in Equation (46) becomes

a simple summation as follows:

-1
Coaa = {CLL {(1 ~o)I* +o- chiH(sLﬁggi)(D(aL , mgi):l +o(l-of )Dﬂ:l -C. (47)

in which p.; is the proportion, or the probability of the occurrence, of a certain type of asperity. It is

considered that chi <1 to account for the fact that the crack surface also contains very fine

asperities that may not regain direct contact due to misalignments and loose material becoming

lodged between opposing crack faces.

Table 2. Rough contact parameters

myg &g De
3 25¢: 0.5

0.25 €0 0.23

0.8 &0 0.17

d) Fibre related parameters (Section 2.6); length and diameter of fibres (Ly and d)), volume
fraction of fibres (V7), fibre-matrix interfacial properties (z0 and f) and the snubbing coefficient f.
The geometrical properties and the content of fibres are material specifications rather than
categorical model parameters and are readily obtained from the mix design specifications. 7y and f
are parameters introduced in the pull-out model of Lin and Li (1997) and govern the assumed linear
hardening behaviour of the fibre-matrix interface. Lin and Li (1997) provided direction on how these
can be determined from single fibre pull-out tests. However, since data from pull-out tests are not
provided in the experimental work used in the following sections to validate the model, the two

fibre-matrix interface parameters were considered phenomenological.

A value of the snubbing coefficient of f; = 0.75 was adopted for all numerical examples presented
here, as recommended by Li et al. (1993) for steel fibres. It is noted that for nylon and polypropylene
fibres in a normal mortar matrix values for the snubbing coefficient are reported to range between
0.5 and 1 (Li et al., 1990) whereas for steel fibres in a high strength matrix f; can be as high as 1.6
(Lee et. al., 2010).
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The probability density functions for the orientation and distribution of fibres relative to the
crack-plane, p(p) and p(z) in Equation (37), can also be regarded as model parameters. Uniform

random distributions were considered for all examples presented in this work.

It can be noted that nearly all model parameters have a physical meaning and can be measured
directly. Furthermore, their input values are kept constant for each set of simulations presented
here with the exception of instances in which certain material constituents varied in the

experimental tests e.g. fibre content, fibre geometry, mix design.

3.2. Example 1. Uniaxial tension tests of Li et al. (1998).

In this example, comparisons with data from uniaxial tension tests conducted by Li et al. (1998)
on plain and steel fibre reinforced concrete specimens are presented. Li et al. (1998) carried out
uniaxial tensile tests on plain and fibre reinforced concrete specimens with overall dimensions
350%x100x20 mm, using linear variable displacement transducers (LVDTs) with a gauge length of 120
mm to measure the deformations. Two sets of experiments, employing two different types of steel

fibres, were considered for comparison:

- straight Harex fibres with an arc cross-section (Set I)

- hooked-end Dramix fibres with a circular cross section (Set I1).

For each set, uniaxial tensile responses were predicted for composites with fibre volume fractions

of Vr=0, 2,3 and 6%.

The material properties employed that relate to the plain concrete are given in Table 3a and
those related to the fibre-bridging component are presented in Table 3b. Li et al. (1998) reported
that the concrete mix proportions were modified as the fibre content was increased in order to
achieve sufficient workability. Water/cement ratio and cement dosage were kept constant for all
mixes but the proportions of coarse aggregate decreased with increasing fibre content, with the
result was that the initial stiffness decreased; mix A having the highest Young’s modulus and mix C
the lowest. The decreasing proportion of coarse aggregate particles, fo, was taken into account in
the model according to Table 3a and the values for E, and Eqo were chosen so that the Young’s
modulus of the plain cementitious composite would match the initial experimental stiffness. The

only parameters that differ slightly between the two simulation sets are the fibre-matrix interface
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properties, 7o and f. A higher value of 7y is used for numerical simulations in Set 1 compared to the

value used for Set Il as a means to account for the anchorage effect of the hooked Dramix fibres.

The numerical results compared with the experimental data are presented in Figure 7 for tests
on specimens using Dramix fibres and in Figure 8 for Harex fibre specimens. A good correlation can
be observed between the numerical predictions and the experimental results from a broad range
of tests, involving different types of fibres and a wide range of fibre volume fractions. Li et al. (1998)
provided a single experimental curve for each type of specimen however, it is noted that significant
scatter of the experimental results has been reported in other tests on fibre reinforced composites
(e.g. Parmentier et al., 2008). Taking this observation into account, and noting that all parameters -
with the exception of 7p and fo explained above - were kept constant throughout, a good degree of
accuracy of the numerical predictions is observed. Therefore it can be concluded that the proposed
model, combining the components detailed in Sections 2.2-2.6, is able to capture the characteristic
behaviour of fibre reinforced cementitious composites in tension: the considerable increase in
ductility and marginal increase in strength with increasing fibre content. Moreover, the model is
able to simulate strain-hardening behaviour which is generally observed when higher volume
fractions of fibres are used. When the material exhibits overall strain-hardening behaviour it may
be expected that the microcracking zone widens, in contrast to the softening behaviour situation in
which microcracks tend to coalesce in a narrow band and form a macro-crack (Naaman, 2008;

Radtke et al., 2010).

Table 3a. Example 1. Material properties relating to plain concrete

Mix | V(%) | En (MPa) | Eo (MPa) | va vo | fo | fi(MPa) | up(mm) | & (mm) | ¢

A 2 0.5
B 3 25000 60000 | 0.19 | 0.21 0.25 1.5 0.125 120 10
c 6 0.12

Table 3b. Example 1. Material properties relating to fibre-bridging

Set/Fibre Type | Lr(mm) | dy(mm) | Er(MPa) | 7o (MPa) | B | f

Set | - Dramix 30 0.5 200000 0.8 0.1 0.75

Set Il - Harex 32 0.8 0.6 0.08
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Set | - Dramix fibres - Uniaxial Tension
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Figure 7. Numerical predictions of uniaxial tensile tests of Li et al. (1998) - Dramix fibres
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Figure 8. Numerical predictions of uniaxial tensile tests of Li et al. (1998) - Harex fibres
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The constitutive model described in Section 2 captures the characteristic overall behaviour by
employing mechanics based sub-models that simulate the key mechanisms that control the
behaviour on crack-planes and subsequently integrating this crack-plane response from all
directions. The model can also provide information regarding the degree of microcracking in each
direction for different relative loading points. Such microcracking surface plots are presented in
Figure 9 for the single-point simulation of the uniaxial tension test on FRC with 2% Dramix fibres at
three different loading stages. The microcracking or damage surfaces are plotted in polar
coordinates (y,w), where y is the crack-plane orientation angle relative to the loading direction,
defined in Figure 2 and w is the directional damage parameter representing the degree of micro-
cracking in each direction. These plots show the distribution of damage in each direction and its
expansion as the applied strains increase. It can be seen that at post-peak stages b and c the
concrete matrix is almost completely damaged and it is via the crack bridging action of fibres that

the FRC material is able to sustain a significant level of load with increasing deformation.

L. . L. Damage surface- Uniaxial Tension
Uniaxial Tension Prediction
FRC Dramix Vf = 2% 20
6 1
NN
E ) \\
a
g
B 2
xX
x
1 =—\/f =2% - Numerical __|
0
0 0.001 0.002 0.003
Xx-strain 270
(+ve tension) e
Stage b

= =+ Stage c

Pttt
i

Figure 9. Damage surfaces — numerical simulation of the uniaxial tensile test on FRC 2% Dramix (Li et al., 1998)
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3.3. Example 2. Uniaxial compression tests of Cachim et al. (2002)

In this example a comparison is presented between numerical simulations and experimental
results from uniaxial compression tests conducted by Cachim et al. (2002) on 150x300mm (diameter
x height) cylindrical plain and fibre reinforced concrete specimens. Two different series of fibre
reinforced composites with identical concrete composition and volume fractions of fibres but
different fibre types were used to form the specimens. The maximum size of the coarse aggregate
particles was 15mm. 0.57% by volume of hooked-end steel fibres with overall dimensions of ds =
0.5mm, Ls=30mm for Series | and dy= 0.8mm, Lf= 60mm for Series |l were used respectively. Plain
concrete specimens were also cast and tested in each Series. The ages of the Series | specimens
were between 30 and 60 days whereas those of the Series Il specimens were between 18-20
months. Therefore, despite the identical design mix, the concrete properties in each Series at the
time of testing were different from each other; specimens in Series Il had higher strength and elastic
modulus than the specimens in Series |. This is reflected in numerical simulations by adopting higher

values for f;; and E,, in Series |l than in Series | (Table 4a).

A summary of material properties for concrete and for fibres are given in Table 4a and 4b
respectively. Numerical predictions for uniaxial compression compared with experimental data are
presented in Figure 10 for Series | and Figure 11 for Series Il. Cachim et al. (2002) presented between
4 and 6 experimental stress-strain curves for each type of specimens. For clarity, only the lower and
upper experimental curves for each case are shown here. Furthermore, the damage surfaces at
three different stages are shown in Figure 12 for the FRC uniaxial compression prediction of Series
| test. This plot shows how damage increases both in terms of the magnitude of the damage
parameter in any one given direction and the size of the angular band encompassing damaged

directions

Table 4a. Example 2. Material properties relating to plain concrete

Series | Em (MPa) | Eo (MPa) | v | ve |fi(MPa) | up(mm) | dugg

I 17000 L.5
44000 0.19 ] 0.21 0.43 15
I 32000 2

29



Table 4b. Example 2. Material properties relating to fibre-bridging

Series | V(%) | Ly(mm) | dr(mm) | E;(MPa) | 7o (MPa) | B | f;

! 0.57 30 05 200000 1.0 0.1 10.75

Il 60 0.8

Uniaxial compression Vi=0.57% - Series |

60

e P C - EXp lOoOwer

e «P(C- Exp upper

=& PC- Numerical

= = = FRC- Exp lower

xx-stress (MPa)

== e= FRC- Exp upper

—— FRC- Numerical

0 0.002 0.004 0.006
xx-strain

Figure 10. Numerical predictions of uniaxial compression tests of Cachim et al. Series |



Uniaxial compression Vf=0.57% - Series |l
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Figure 11. Numerical predictions of uniaxial compression tests of Cachim et al. Series Il
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Figure 12. Damage surfaces — numerical simulation of uniaxial compression test of Cachim et al. (2002) Series |



For all cases the numerical predictions lie between experimental bounds and the model captures
the slight increase in strength and an enhanced ductility of the FRC relative to plain concrete.
Therefore it is concluded that the proposed micromechanics model is capable of predicting the
characteristics of the tensile as well as compressive behaviour with the same formulation. This is in
contrast to models following the more established phenomenological approach which generally

require separate formulations to address tensile and compressive behaviour.

It is noted that the rough crack contact sub-model presented in Section 2.4 plays an important
role in capturing the correct response in compression. To illustrate this, the uniaxial compression
response predicted by the model for the uniaxial compressive tests in Series | with and without the
contact component are compared in Figure 13. It can be observed that if rough contact is not taken
into account the strength is significantly underestimated and the volumetric dilatancy is not

captured at all.

Influence of rough contact

PC-No contact

= = == FRC-No Contact

—»— PC-With contact

——o— FRC-With Contact

xx-stress (MPa)

-0.015 -0.01 -0.005 0.005 0.01
Lateral strain xx-strain

Figure 13. Uniaxial compression predictions with and without contact (+ve compression)

The sensitivity of the model to the rough contact parameters m, and ¢ is shown in Figures 14
and 15 respectively for numerical simulations of uniaxial compressive tests in Series I. In these
simulations, the values used for mg and g, were varied by + 10% relative to the nominal values from
Table 2. The values of mg and ¢; employed for the sensitivity studies and the predicted FRC strength
values (f), as well as those of the strain corresponding to the compressive strength (), are given

in Table 5. Values of the remaining parameters are those given in Tables 4a and b.
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Parameter mg has a moderate influence on the predicted values of strength, with a variation of
approximately 11% between the strength values from simulation S1 and simulation S3 respectively.

A similar variation is noted for values of ¢c.

The model sensitivity to the variation of & is more limited; the predicted strength values vary by

9% between 54 and S6 whereas the predicted values of e..svary by 12%.

As noted in 3.1.c), the values of the rough crack contact parameters have been fixed to those in

Table 2 for all numerical examples.

Table 5. Contact sensitivity study. Contact parameters and related predictions of 1. and c.s

Myg,i Eg,i Jer (MPa) Ecef
$S1-0.9 mg av 2.7 0.225 | 0.72 51.2 0.0035
$2-1.0mew | 3 | 025 | 08 | 2% €0 € 484 | 0.0033
S3-1.1mg av 3.3 0.275 0.88 45.7 0.0031
$54-0.9 ¢g av 22.5¢; 0.9 & 0.9 ¢ 46.4 0.0031
$5-1.0¢0am | 3 | 932 | 08 [ 350 | 106 | 1.0e | 484 | 0.0033
S6—1.1¢ av 27.5¢&; 1.1 ¢ 1.1l 50.6 0.0035
Rough contact sensitivity study, mg
60
50 =
—_— wo e TTSo - ..."0.
& 40 = >
2
g 30
9 —51-0.9
i - 4 mg_av
/ —e— 52 — 1.0 mg_av
10 —
= e eeS5S3-11mg_av
0 | | |
0 0.001  0.002 0.003 0.004  0.005
xx-strain

Figure 14. Influence of mg contact parameter on the uniaxial compression response (+ve compression)
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Figure 15. Influence of g contact parameter on the uniaxial compression response (+ve compression)

3.4. Example 3. Biaxial compression test of Yin et al. (1989)

In this example numerical simulations of biaxial compressive behaviour of fibre reinforced
concrete were carried out and the numerical predictions were compared with the experimental
results of Yin et al. (1989). In the experimental study of Yin et al. (1989), plain and fibre reinforced
concrete plates with dimensions of 152 x 152 x 38 mm were subjected to biaxial loading with various

principal biaxial compression stress ratios.

A summary of material properties for concrete and for fibres are given in Table 6a and 6b
respectively. Numerical predictions of the biaxial failure envelope compared with the experimental
results are presented in Figure 16. f;, denotes the uniaxial compressive strength of the plain
concrete and o; > 02 > 03 denote the principal stresses, with o2 and o3 corresponding to the loading

directions.

Table 6a. Example 3. Material properties relating to plain concrete
En (MPa) | Eo (MPa) | v ve | fu(MPa) | up (mm) | dugg (mm)
30000 44000 | 0.19|0.21 1.9 0.275 9.5

Table 6b. Example 3. Material properties relating to fibre-bridging

Vi (%) | Ly (mm) | dr(mm) | Er(MPa) | 7o (MPa) | Br | fs

1 25 0.42 200000 1.0 0.110.75
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Figure 16. Numerical predictions of the biaxial strength envelope for FRC
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Figure 17. Numerical predictions of the biaxial strength envelope for FRC

The model captures the expansion of the strength envelope for FRC relative to plain concrete
observed in experimental tests which essentially corresponds to an increase in strength with the
addition of fibres. It would appear that the model overestimates strengths of FRC when the ratio of
the principal stresses o2 / 03 is in the range of [0.25 - 0.5] and underestimates strengths for o>/ 03 <
[0.8 — 1]. However, past experimental studies have shown a large scatter of results from tests on
plain concrete specimens under multiaxial stress states which have been attributed primarily to
variations of the material properties and testing methodology (Gertsle et al., 1978). This is illustrated
in Figure 17 which shows experimental biaxial envelopes for plain concrete from several different
studies (Kupfer et al., 1969; Tasuiji et al., 1978; van Mier, 1986 and Yin et al., 1989) and the predicted
biaxial envelope which is within experimental bounds. Given the considerable scatter of results
observed in various uniaxial and bending tests (e.g. Cachim et al., 2002; Parmentier et al., 2008), the
same reasoning can be readily extended to the present case of fibre reinforced cementitious
composites subjected to biaxial stress states. Put in this context, the numerical predictions in Figure

16 are realistic although the tendency of the model to overestimate strengths for o2 / 03 < [0.25 —
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0.5] is acknowledged. The current model does not account for plastic embedment, crushing or
frictional sliding between asperities of opposing crack surfaces. Since these mechanisms become
increasingly important as a specimen is more constrained, the authors believe that including them
in the rough crack contact sub-model would improve the accuracy of the overall model for biaxial

and triaxially confined stress/strain paths.

3.5. Example 4. Numerical simulations of triaxial compression

The performance of the model in compression under increasing levels of confinement is
addressed here. The material parameters employed are given in Table 7 and the loading paths are
presented in Figure 18. The model predictions of compression tests for three levels of confinement,
0 MPa, 5 MPa and 10 MPa respectively are presented in Figure 19. The model is able to capture the
increase of compressive strengths with increasing levels of confinement as well as a substantial
increase in ductility and the volumetric dilatancy characteristic of triaxial FRC behaviour under low

to moderate levels of confinement.

The numerical predictions of triaxial strengths obtained for the three levels of confinement are
compared with the experimental results obtained by Lu et al. (2006). These are shown in Figure 20
as fo/feo VS feei/feo; Where f.; is the triaxial strength or peak xx-stress, f.o is the uniaxial compressive
strength and f..; is the confining pressure respectively. Comparisons with experimental data from
Lu et al. (2006) of FRC specimens containing hooked fibres (Vy= 1% Ly=30mm, dr= 0.5mm) suggests
that the model overestimates the triaxial strengths. As mentioned in 3.4, this is likely due to the fact
that crushing and frictional sliding between the asperities on the crack faces are not directly
represented in the rough contact model. Nevertheless, the variability of experimental results from
tests on FRC is well documented, as is the fact that the experimental results are sensitive to the
boundary conditions applied in tests and therefore more comprehensive experimental data would

be needed for a more thorough qualitative comparison.

Table 7a. Example 4. Material properties relating to plain concrete

En (MPa) | Eo (MPa) |vi vo | fi (MPa) | up (mm) | duge (mm)
30000 44000 |0.19]0.21 1.5 0.275 9.5
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Table 7b. Example 4. Material properties relating to fibre-bridging

Vi(%) | Ly(mm) | dr(mm) | Ef(MPa) | 7o (MPa) | B | f
1 30 0.5 200000 1.0 0.1]0.75
Oxx A
l Oxx
—> <+
Displacement = - Cell
control €
nd <+ pressure
— <+ Oyy = Oz
Load - —
control T
» Oyy = Ozz
Cell pressure
=0,5,10 MPa
Figure 18. Triaxial simulations. Load paths
Triaxial compression predictions
— e
-

xx-stress (MPa)

-----~

e = = [RC1% - 5MPa

e==[FRC1% - 10MPa

FRC1% - Uniaxial _|

-0.01

-0.005 0

yy-strain

0.005

0.01
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0.015

Figure 19. Numerical predictions of triaxial behaviour for FRC with 1% fibres
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Figure 20. Numerical predictions of triaxial strengths for FRC with 1% fibres

3.6. Numerical integration.

Several numerical integration rules were employed to evaluate the sensitivity of model
predictions to the order of the spherical integration used in the computations, i.e. to evaluate
Equation 45, namely the Albrecht and Collatz 26 point rule, the Finden Sobolev and Mclaren 32
point rule, the McLaren 42 point rule and the McLaren 50 point rule respectively (all referenced in
Stroud, 1971). A uniaxial compression test undertaken by Cachim et al. (2002), previously
considered in Section 3.3 of this paper, was used as the basis for the study. The results from

simulations using the different integration rules are presented in Figure 21.

The results suggest that the 26 point rule has insufficient sample directions to capture any
degradation of stiffness whereas the 32 point rule offers a better estimate but it is still incapable of
capturing correctly the overall damage and consequently the degradation of stiffness and strength.
In contrast it can be observed that the 42 point rule and the 50 point rule give converged results. All

simulations presented in this paper employed McLaren 50 point rule (Stroud, 1971).
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Figure 21. Numerical integration study for uniaxial compression

4, Conclusions

Micromechanical solutions can be employed to obtain average elastic properties of a composite
based on the elastic properties of the constituent phases. These solutions are applied in a
constitutive model for fibre-reinforced cementitious composites which is also able to simulate
directional cracking, damage initiation in the interfacial transition zone between mortar and coarse

aggregate particles, rough contact and the crack-bridging action of fibres.

Numerical predictions from single-point simulations of uniaxial tensile and uniaxial and biaxial
compression tests show that the model captures correctly key characteristics of the complex
mechanical behaviour of fibre reinforced cement based composites, such as the increase of ductility
and overall toughness when fibres are added to the plain concrete matrix. Moreover, a single
formulation, combining several sub-models that describe key physical mechanisms that in turn
govern the mechanical response, is able to capture the fundamentally different behaviour in tension

and compression respectively.
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