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Abstract

Most of the literature which has considered the small sample bias of limited informa-
tion estimators in simultaneous equation models has done so in the context of the
static rather than the dynamic simultaneous equations model (DSEM). Therefore,
an analysis of the performance of estimators in the general dynamic simultaneous
equations case is timely and this is what is provided in this paper. By introducing an
asymptotic expansion for the estimation errors of estimators, we are able to obtain bias
approximations to order 1. Following this we constructed bias corrected estimators
by using the estimated bias approximation to reduce the bias. As an alternative, the
use of the non-parametric bootstrap as a bias correction procedure was also examined.

In Chapter 2, we analyse the Two Stage Least Squares ( 2SLS ) Estimator in the
general DSEM. Based on the result in Chapter 2, Chapter 3 compared the Fuller
modification of the limited information maximum likelihood estimator (FLIML) with
the 2SLS estimator. The bias approximation and reduction in the p*’-order dynamic
reduced form are analysed in Chapter 4.

The results indicate that FLIML gives much less biased estimates than the 2SLS
estimation in the general DSEM. We have also observed that the bias correction method
based on the estimated bias approximation to order T~! provides almost unbiased
estimates and it does not lead to an inflation of the mean squared errors compared with
the associated uncorrected estimators. We suggest that the corrected estimators, based

upon the O(T~1), should be used to reduce the bias of the original estimators in small



samples. Alternatively, the numerical results show that the bootstrap method leads to
an effective reduction of the bias and an inflation of MSE, however this reduction is
not as effective as the first one.

Keywords :General Dynamic simultaneous equations model; Asymptotic approxi-
mations; Bias correction; Bootstrap; Monte Carlo simulations; 2SLS; FLIML; OLS;
C2SLS; CFLIML; COLS.

JEL classification: C13; C32
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Chapter 1

Introduction

Economic modelling provides the relationships between economic variables which are
useful in making predictions and conducting policy evaluations. Well known examples
of econometric models include the classical linear regression models (CLRM), where
the regressors are assumed to be non-stochastic, the model is linear and the errors
independent and identically distributed normal random variables. However, these
assumptions are rather far from economic reality, it has long been realized that a
relaxation of these assumptions is necessary in empirical work. The non-classical i.e
statistical models for which these assumptions are violated and the inference procedures
of CLRM are not applicable, include the simultaneous equations model (SEM) which
was introduced by Haavelmo (1943). Since then the SEM has been used extensively to
analyse economic phenomena which gives a more realistic representation of an economic
process. However this relaxation of the assumptions of the CLRM usually makes it
impractical to derive the exact distributional properties of estimators and test statistics
in finite samples. Thus a simpler approach is required and instead of basing analysis
on the exact properties of estimators reliance is placed on their asymptotic properties
which can be obtained over a wide range of models and which are generally assumed

to provide a reasonable approximation to finite sample properties.



2 Introduction

The asymptotic theory of estimators and test statistics plays an important role
in econometric inference for analysing economic phenomena. However, asymptotic
properties hinge upon a crucial condition that the number of observations be infinitely
large; this condition is generally not met in the practice though and the quantity and
quality of economic data are not controllable. In many cases, only small sample sizes
of data or poor quality data are observed. How large the sample of observations should
be to achieve the asymptotic properties remains unanswered. Fisher (1921) originally
pointed out that the asymptotic theory which requires the number of observations to be
infinitely large for the asymptotic results to hold true may not imply the finite sample
behaviour of economic estimators and the test statistics in many practical applications.
As well they may give misleading results for small or even moderately large samples.
Even if a large number of observations is available, such as with an increasing number
of data sets in finance, development economics, and labour economics etc., it may not
desirable to use them because of the non-compliance with the other conditions required
for the asymptotic theory to hold. Moreover, Leamer (1978) pointed out that sequential
application of asymptotically equivalent procedures, might lead to results that are
not asymptotically equivalent under the data instigated models. It was shown that
asymptotically equivalent estimators may have very different finite sample properties.

For these and the other important reasons, it seems that the information about the
small sample behaviour of estimators and test statistics is of great value in econometrics.
This thesis is devoted to obtaining such information in a form that is easy to interpret
and practical to use.

There are three main tools of analysis for obtaining more information for the small
sample behaviour of the econometric estimators and test statistics: exact finite sample
theory, the use of asymptotic expansions or large sample approximation, and more

recently, the application of the bootstrapping (resampling) technique.



Fisher (1921), Fisher (1922), and then the work of Cramér (1945) laid the foundation
of statistical finite sample theory on the exact distributions and moments which are valid
for any sample size. This exact theory on distributions and moments was introduced
into econometrics by Haavelmo (1947) and Anderson and Rubin (1950) on the exact
confidence region of structural coefficient, Hurwicz (1950) on the exact least square
bias in an autoregressive model, Basmann (1963), Richardson (1968), Sawa (1969),
Sawa (1972), Anderson and Sawa (1973), Ullah and Nagar (1974), Phillips (1983), and
Ullah (2004) on the exact density and moments of the estimators in the simultaneous
equations model. All these important contributions were related to obtaining exact
results, which hold for any sample size, small, moderately large, or very large. However,
the density functions of estimators have a complicated mathematical structure which
makes it difficult to draw the meaningful inference from them.

The second method uses asymptotic approximations, with errors of smaller order of
magnitude than the first order asymptotic approximation, to obtain more information
on small sample behaviour. It provides results which will tend to lie between the exact
and asymptotic results. Thus it can tell us how much we lose by using asymptotic theory
and how far is it from the exact results. It includes the saddlepoint approximation,
the large-T" approximation and the small o approximation.

The saddlepoint approximation can be obtained for any statistic which admits
a cumulative generating function. It is based on the Fourier inversion formulae for
the density, and applies the steepest decent method to the integration to derive an
approximation for the density function. However, it is not widely used in econometrics,
see Daniels (1954) and Daniels (1956).

The second approximation method is the large-T approximation. A significant
growth in the literature took place following the work of the Sargan school, Nagar

school, Basmann school, Anderson school, and P.C B. Phillips school. Most of the
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contributions of these schools, however, were confined to the analytical derivation of
the moments and distribution in the static simultaneous equations model and the
dynamic first order autoregressive model, with ¢.2.d normal disturbances. First, we
should clarify the difference between the large-T" approximation and large sample
asymptotic theory. The inferences from the asymptotic theory are simply based on
the limiting distribution when T goes to infinity, while, the large-T" approximation
uses an asymptotic expansion to approximate the exact distribution or moments of
the statistic, and then it provides inferences based on some leading terms of the
expansion. The accuracy of the large-T" approximation increases as the sample size
increases. There are two different popular ways to derive this large-T approximation
in econometrics; using the Edgeworth approximation and Nagar’s approximation. It is
useful to distinguish between Sargan school (who used the Edgeworth approximation)
and the Nagar school(who focused on finding approximations to estimator moments)
to facilitate our discussion. The Sargan school which is exemplified by Sargan (1975),
Sargan (1976), Mariano (1972), and Phillips (1980), rigorously developed the theory and
applications of the Edgeworth (1896) expansions to derive the approximate distribution
function of econometric estimators. The Nagar school, Nagar (1959), Kadane (1971),
obtained the approximate moments of the k-class estimators in simultaneous equations.
This thesis can be classified as belonging to the Nagar school since the approximation
employed is essentially based on a Taylor series expansion to approximate the sampling
error (the difference between the statistic and the parameter), so that the successive
terms are in the descending order of the sample size T', in probability. He found
expressions of bias to the order of 77!, and for the second moment to the order of T2
for general k-class estimators.

To illustrate, suppose a sample size T and an estimate & of a coefficient vector

«, the large-T approach in Nagar (1959) starts by expanding the estimation error as



follows:

R p s "p
ﬁ(a —a) = 3,2:21 T(/2)(s—1) T T(1/2)p

where ey, for s =1,...,p, and 7, are all O,(1) as T'— oco. Here 7, is the remainder
term in an expansion up to order p. A bias approximation is then obtained by taking
expectations of the terms in the summation.

An alternative is the small-o approach due to Kadane (1971). This method uses a
Taylor series expansion to expand the expression for the estimation error, so that the
successive terms are in increasing powers of o in probability, in contrast to the large-T
asymptotic expansion which orders these terms in descending order of the sample size,

T, in probability. The general expansion is

P
(@—a)=>Y 0" tes+or,
s=1

and where €5 , for s =1,...,p, and r), are also bounded in probability, this time as
o, the standard deviation of the equation disturbance, tends to zero. The bias is
then approximated to an appropriate order by taking expectations of the terms in the
summation.

It has been shown that the two approaches give essentially the same bias approxi-
mations in the static SEM case. However, as shown by Kiviet and Phillips (1989) the
two approximations are not the same in dynamic models and the large-T" approach
is superior. In addition, the small-oc approximation requires that the disturbance
be suitably small and approaches zero in limit. The rationale is that when o gets
progressively smaller the econometric model gives a progressively better explanation of

the data. Hence both large-7" and small-o are idealisations.
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The third approach and the most recent tool for gaining the information of small
sample behaviour was introduced by Efron (1979), Hall (1997). Both Monte Carlo and
Bootstrap methods are based on the use of simulation techniques to generate some
specific numerical approximations to the sample distribution in selected case. In this
thesis, we will explore the bootstrap method in reducing the bias of the estimates
based on the approach of Freedman (1984) and Ip (1991), which is the non-parametric
residual bootstrap method.

From the literature, it is apparent that most of work done to explore the small
sample properties in simultaneous equation models covers only the static case, whilst
any work in the dynamic case considers only first order dynamics. This is true, for
example, in the work of Phillips and Liu-Evans (2015) which considered the properties
of the two stage least squares (2SLS) in a DSEM with just one lagged endogenous
variable. We are not aware of any work in the literature which explores the properties
of estimators in the general dynamic simultaneous equations model. In the case of
the Fuller limited information maximum likelihood (FLIML) estimator, there are no
reported results at all for the DSEM even for the one lagged case. In Kiviet, Phillips,
and Schipp (1999) a bias approximation was presented for the maximum likelihood
estimation of the reduced form parameters of a first order DSEM while again the general
case was not considered. However Kiviet and Phillips (1994) had previously presented
a bias approximation for the least squares estimator in a single equation dynamic
regression of general order. This thesis is interested in extending Kiviet, Phillips,
and Schipp (1999), and Kiviet and Phillips (1993) of a one period lagged-dependent
variables, and Kiviet and Phillips (1994) of high-order dynamic single regression and
that of Phillips and Liu-Evans (2015), to high order dynamic simultaneous equations

models.



Two alternative approaches could be used to estimate the simultaneous equations
model: limited information estimators(LIE) (single equation estimation) which estimate
a system of simultaneous equations by estimating each equation (provided it is identified)
separately, and Full information estimators(FIE) (system estimation) which estimate
all the (identified) equations in the system simultaneously. FIE is more efficient, but it
puts more constraints on the model compared with LIE. FIE incorporates knowledge
of all the restrictions in the system when estimating each parameter, while LIE only
utilizes knowledge of the restrictions in the particular equation being estimated. Hence,
in the FIE approach the misspecification of one behavioural equation affects the other
behavioural equations, while the LIE is not as prone to misspecification (due to fewer
assumptions). This thesis focuses on the behaviour of LIE in the context of the general
dynamic simultaneous equations models in finite sample cases. The commonly used
limited information estimators are the least squares (ordinary least squares (OLS),
indirect least squares (ILS), generalised least squares (GLS) and two stage least squares
(2SLS), and the limited information maximum likelihood (LIML)). When the model
has endogenous variables, the OLS estimator could be seriously biased and inconsistent.
Hence in this thesis we merely analyse the behaviour of OLS in the reduced form when
the sample size is small. As we mentioned before, in truly large samples, asymptotically
equivalent estimates should not be very different, however, if the sample size is small
or moderate, various asymptotically justified estimators of the same coefficients can
assume quite different numerical values, and they exhibit different properties. Such as,
in the case of the 2SLS estimator which only possesses finite moments up to the degree
of over-identification and the limited information maximum likelihood estimator which
does not possess moments of any integral values.

For static models, 2SLS has historically been the most commonly used limited

information estimation method. Another popular method is LIML. The fact that LIML
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does not possess finite moments of any order is well known, see for example Roberto
S. Mariano (1972). More recently Chao et al. (2013a), Chao et al. (2013b) provide
proofs that LIML does not have any finite moments , which leads to particularly
dispersed estimates, see Hahn, Hausman, and Kuersteiner (2004). To solve the problem
of LIML estimation Hahn, Hausman, and Kuersteiner (2004), Hausman et al. (2009)

suggested the estimator proposed by Fuller (1977) which we refer to as FLIML and

which has a k-class representation based on k = Apyier, Where Apyjier = N — 755 =

B;YAZPZlY*IB*
I\ D
B*Y*PZY*,B*

In the static case, the FLIML estimator yields estimates which are unbiased to order

min — 7%, has all necessary moments and which has a small bias property.
T-1, and order o2 respectively, see Anderson, Kunitomo, and Morimune (1986). As
noted earlier,while some literature has explored the small sample properties of 2SLS in
a one lagged dependent variable DSEM, no literature has explored the general DSEM
case. In reference to the FLIML estimator, I am not aware of any literature that has
presented its properties in the DSEM when the sample size is small. Hence in this
thesis, we will explore the small sample properties of 25SLS and FLIML estimators
in the general DSEM, assess the bias approximation, and subtract the bias from the
initial estimator to develop bias corrected estimators.

Chapter 2 examines estimation in over-identified equations for the general DSEM
with p lagged dependent variables, strong exogenous variables and innovation errors;
moreover, this system is stable. In particular,we show how the new corrected 2SLS
estimator gives almost unbiased estimation based on the bias approximation which
is obtained by first taking Taylor expansions to order 7!, The bias approximation
is then decomposed into the simultaneity bias and dynamic bias components. The
dynamic bias follows the results presented in Kiviet, Phillips, and Schipp (1999), Kiviet
and Phillips (1993) and Phillips(2011). Interestingly, in our results we observe that

the dynamic bias and simultaneity bias have opposite signs which indicates that some



correction method which is suitable for the static case may not be so in the case of
dynamic models. In this Chapter we also employ the non-parametric bootstrap to
correct the bias and the results point out that it could be an alternative way to correct
the bias when the computer cost is a consideration. The new bias correction procedure
does not lead to an inflation in the mean squared errors. While, the non-parametric
bootstrap method leads to an increase in mean squared errors, but this increase is not
likely to be substantial.

Chapter 3 contributes to the literature in three ways. First, under regularity condi-
tions, we derive the bias approximation to order 1/T for the Fuller limited information
maximum likelihood(FLIML) estimator in the general DSEM which has not been
reported in previous literature. We do this by using Nagar type expansions which
makes the results comparable. Secondly, we compare the analytical bias approximation
for FLIML with the corresponding bias approximation for 2SLS and we observe that
the FLIML estimator, which removes the O(7T~!) simultaneity bias completely and
dynamic bias partially, gives much less biased estimates. Third, we have constructed
a bias corrected procedure for the original FLIML by employing the estimated bias
approximation. We observe that this corrected FLIML (CFLIML) gives almost un-
biased estimates numerically and analytically. Moreover, the MSE of endogenous
and exogenous variables’ coefficients in FLIML are much smaller than that of 2SLS.
However, the MSEs for some dynamic coefficient estimates are found to increase in
FLIML. The corrected estimators do not lead to an inflation in the MSE compared
with the non-corrected methods in general.

Chapter 2 and Chapter 3, both analyse the bias approximation in the same general
DSEM, with the same assumptions. These two chapters show that the bias corrected
estimators, based upon O(T~!) can be recommended as a bias reduction technique in

the general DSEM.
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Independent of the analysis of the structural form model estimator properties,
Chapter 4 focuses on exploring the classical estimator OLS in the p* order dynamic
reduced form model which comes from the general DSEM. In this chapter, we extend
the analysis in Kiviet, Phillips, and Schipp (1999) to the general p'*-order dynamic
reduced form case. Without losing generality, we focus on the bias in the OLS
estimates for the first equation of a multi-equations system, where p lagged endogenous
variables are included. The bias approximation to order T~ is derived by using the
Nagar expansion, and the bias corrected estimators are constructed by employing the
estimated bias approximation. We set up a set of Monte Carlo experiments to examine
the performance of COLS and the residual bootstrap OLS in this general reduced
form model. The simulations and numerical results suggest that the OLS bias can
be substantial which was also observed in Kiviet, Phillips, and Schipp (1999). The
COLS estimator gives almost unbiased estimation, and the residual bootstrap method
is also well behaved as a bias reduction procedure. From the results, it is obvious that
bias correction using the O(T~!) bias expansion is more effective compared to the
bootstrap method. In addition bias correction with either method does not result in
an increase of the MSE. Hence, the bias corrected estimator COLS, based upon the
o(r ~1) bias approximation can be recommended as a bias reduction technique in the
p'" order dynamic reduced form. Alternatively, the non-parametric bootstrap is also
an appropriate way to reduce the bias if the computer cost is a consideration.

In Chapter 5 of this thesis, we provide the summary of conclusions of our research
and we suggest the future direction for further research studies in relation to relevant

chapters of this thesis.



Chapter 2

The bias of 2SLS estimator in
general dynamic simultaneous

equations models

2.1 Introduction

To explore the finite sample properties of estimators in the static simultaneous equations
model(SEM), Nagar (1959) found the bias approximation for k-class estimators to
the order of 77!, and also derived an approximation for the second moment to order
T2, by using asymptotic expansions essentially based on employing Taylor expansions.
Later work in this area included Phillips (2000), Mikhail (1972), Hahn and Hausman
(2002), and Bun and Windmeijer (2011) examined bias approximation and reduction
in the static simultaneous equation models.

In the dynamic regression models, a number of researchers show that least squares
estimators can be seriously biased in small samples. They include Grubb and Symons
(1987), Hoque and Peters (1986), and Peters (1989). Kiviet, Phillips, and Schipp (1999),
Kiviet and Phillips (1993), Kiviet and Phillips (1995) while Phillips and Liu-Evans
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(2015) show that the bias in 2SLS in a dynamic simultaneous equation model (DSEM)
can be expressed in two parts, a part which derives from simultaneity and a part which
is due to the dynamics. However, this latter paper only focuses on the first order
DSEM rather than the general DSEM(p lagged dependent variables). In the high order
dynamic case, Kiviet and Phillips (1994) present the small sample bias of OLS for the
standard ARMAX (p,0, k) model; however, this is a single equation regression model
rather than a DSEM.

In this paper, we are interested in extending the Phillips and Liu-Evans (2015), and
Kiviet, Phillips, and Schipp (1999) analysis for the first order DSEM to the general
order DSEM assuming that the structural disturbances are normally and independently
distributed with mean vector 0’ and fixed covariance matrix ¥ = (0;;). This general
dynamic simultaneous equations model includes the endogenous variables which are
lagged p time periods, and strongly exogenous 7(0) regressors lagged ¢ time period.

With this model, we analyse the behaviour of 2SLS when sample size is small.
Analytically, we derive the bias approximation of 2SLS to order 77!, and confirm
the evidence which has been observed in Kiviet, Phillips, and Schipp (1999), Kiviet
and Phillips (1993) and Phillips and Liu-Evans (2015), i.e the bias comes from the
simultaneity and dynamics respectively. Interestingly, the numerical results show that
these two parts actually have opposite signs. In this case, bias correction methods
which effectively reduce the bias in the static case (Kiviet and Phillips (1989), Sawa
(1973) and Iglesias and Phillips (2012), etc.) may not be suitable for our dynamic
models. However, if we subtract the observed bias approximation in estimation from
the corresponding estimator, the bias corrected estimator may be unbiased to order 7!
theoretically. Kiviet and Phillips (2005) show that O(o?) bias approximation can be
used for corrected 2SLS (C2SLS) estimation of dynamic models. Kiviet, Phillips, and

Schipp (1999) and Liu-Evans and Phillips (2012) use the O(T~!) bias approximation in
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COLS estimation of autoregressive models, and it presents almost unbiased estimators.
Phillips and Liu-Evans (2015) show in Monte carlo simulations that by using the C2SLS
in the first order DSEM, the new C2SLS method gives almost unbiased estimation.
Hence, we develop the bias corrected estimator by employing the estimated bias
approximation applied to the traditional 2SLS estimator. Ideally, using the large-T
approximation in this paper directly for a reduced-bias estimator may tend to yield
more accurate numerical results than any existing approximation. Hence we would
expect the O(T~1) bias approximation in our paper to yield a substantial improvement
over the uncorrected 2SLS estimator.

Our numerical results show that the bias approximation may tend to overstate
the magnitude of the "true" bias as given by the Monte Carlo estimates in 2SLS.
However, importantly, the bias corrected estimator, based upon O(T_l) approximation,
very substantially reduces the Monte Carlo 2SLS bias. Moreover, in most cases, it
does not inflate the MSE. Hence, the bias corrected estimator, based upon O(71)
bias approximation, can be recommended as a bias reduction technique for practical
use. The other alternative bias reduction method is also considered in this chapter.
Freedman (1984) pointed out that the residual bootstrap method could be useful in
bias reduction in 2SLS estimation, since it may have some effect in eliminating the
bias that comes from the dynamic part. Ip (1991) provides strong support that the
bootstrap 2SLS can correct bias for both static and dynamic parts to order 771, In our
experiments, the bootstrap method is not as good as C2SLS, but it may still effectively
reduce the bias in the 2SLS. When L | the order of over-identification is large, the
estimates of endogenous and exogenous coefficients may have small MSE when using
the bootstrap 2SLS.

The next section will introduce the general model. Section 2.3 evaluates the bias

approximation for the first equation in the structural form. Section 2.4 introduces the
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new bias correction method C2SLS. The numerical experiments and the associated
results are present in section 2.5, and 2.6. In these two sections we also employ the
non-parametric residual bootstrap 2SLS estimator. The last section is our conclusion

part.

2.2 The Model

The complete system we are interested in:

p . q . ~
YB+Y Vv, AD 3 X ;00 =7, (2.1)
i=1 j=0

where Y is a 7' x G matrix of T observations on G endogenous variables, X is a T x K
matrix of observations on K stationary ( we will relax this assumption in our further
work) and strongly exogenous variables, Y_; is a T x G matrix of observations on the
endogenous variables lagged i time periods (G lagged endogenous explanatory variables
) and we assume that the initial values (Y1, ,...,Yp) are non-stochastic. The model
also involves K current strictly exogenous variables in the matrix X which is assumed
to be of full rank K, and has ¢ lags X_;. They are assumed to be the I(0) process.
U is a T x G matrix of structural disturbances. The matrices B, A® and C'9) are of
dimension G X G,G X G and K x G, respectively, and B is assumed to be non-singular.
The rows of U are assumed to be normally and independently distributed with zero
mean and fixed covariance matrix ¥ = (Fynn).

Furthermore, we assume that the eigenvalues ( real or complex values) of the system
of difference equations are inside the unit circle which ensures the stability for our
system. Thus the roots (real or complex values) of the determinantal equation
det| BwP? + AN P14 AP P24 4 AP)|=0

are smaller than unity in absolute value: |w|’< 1,h =1,2,...,p. This statement of
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the system essentially follows that of Dhrymes (1970), Chapter 12; Davidson (2000),
Section 4.3.2.

The reduced form of the model is:

. q . -
Y = —ZY_iA@)B—l -3 x_,;0VB 4 UB! (2.2)
p . 9. . N
_ Z LiyT® 4 Z XTIV +V
i=1 =0

= ZA 4V,

where ') = — A B=1 T1U) = —CU B! and V = UB~!. The rows of V are normally
and independently distributed with zero mean and covariance matrix Q = (@) =
E(VIV)/T. Also Z =[R:S]is a T x (P+ Q) matrix where P=Y%_, p(m) and Q =
YK q(n). Here the T x P matrix R includes all the observations for the (stochastic)
lagged endogenous variables, and the 7" x ) matrix .S includes the observations for all
the other regressors. A* is the (P + Q) x G coefficients matrix.

The stochastic part W of Y =Y + W from equation (2.2) has rows 7]);, t=1,2...T,

which can be written as follows.

o i
wp =1,

1172/ = U~2/ —|-1171/F(1),

W =1 41y T® 40y TO),

iy =1y 1y T®) iy T g T,

6y =0+ TPV 445y TP gy T 4, T,

wp~+1/ = Up~+1/ —|—’LL71/F(p) —l—lﬁglr(p_l) +w31F(p_2) + ... +1,ZJ;)F(1),
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wr' =07 + i, TP 4 i TP i T,

Let the T x T matrix D be such that,

00 0 00
Lo 0 00
01 0 10
D= D? =
00 010 00 0

where DT=1.D = DT =0 and D is Ip. Also we define a TG x G matrix J formed by

stacking the matrices J;, t =0,1,....,T — 1, as follows

Jo = Ig,

J1 = F(l),

Jo=T® 1M gy,

J3 =TG4+ 1@ g 4170 gy,

Jy=TW 416 1 417G jy 4170 5,
Jp = r® =170 L 4 F(l)Jp_l,
Jpi1 =T g+ 417W 1

Jpra=T® Jy 4 TW 1,

Jr_1= F(p)JT_p—l— —l—F(l)JT_Q.
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The matrix J can be written as:

Jo 1 0 0 0 0 .. 0 0 0 |r 7
I
Ji rM o 0 0 0 e ... 0 0 0
J1
J2 r@ 0 0 0 e .. 0 0 0
Jo
Jp re pe-1y rd 0
J= - A
Jp+1 o r@® pe-b 7@ g
J,
Jp+2 0 o r® rpe-bo 7@ 9 -
Jp+o
Jr_
sl o .. . . e ren o po|
With these definitions W can be represented in terms of V as follows:
o T-1 T
W=> D'VJ+V=> D'VJ. (2.3)

t=1 t=0

In equation (2.3), L' D'V J; is the stochastic part of Y. In equation (2.2)

Z =[R: 8], and in accordance with our notation, Z may be decomposed as:
Z=Z+W" (2.4)

Here Z = [R: X] is taken to be the non-stochastic part of Z, whose component matrix
R is the non-stochastic part of R. The stochastic part of Z is W* = wW*, and W*

can be expressed as:

W*:[R:O]:[LW:L2W:....:LPW:O]
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T-1 T-1 T-1
=3 DVJ1: Y D'Vis:. Z D'V Ji—p 1 0).
=1 t=2 =p

The standardized form of W* can be presented as:

(2.5)

p T-1
W+ = [ZZDtVJt W0
=1 t=t

where \If = e ® Ig is G x P matrix with P =5 _ p(m) and where all component
G x G matrices are zero except the ¥ which is an identity matrix. e; is the p x 1 unit

vector with all elements equal to zero except the i*" which is unity.

2.3 Structural Form Estimation—Two Stage Least
Square Estimation

In this section we derive the large T" approximations to the bias of 2SLS estimators
when estimating the structural coefficients of the first equation which forms part of

the complete system equation (2.1), and we shall write the equation as:

p . . q ) .
y1 = Yo+ ZLZYNE?) +>, LJchgj) + a1 = Y1+, (2.6)
i=1 =0
where
YT=[Y2:Ry:51] and 51 (ﬁl,al ), agp),c§1)7...,c§Q)).

Here Y7 = [y; : Y2] is a T x (¢g+ 1) matrix of observations on g+ 1 included endogenous
variables. L'Y] is the i period lagged version of Y7, X7 is a T'x k matrix of observations
on k stationary exogenous variables. Y is a T' x (g + P* 4 Q*) matrix which includes
the T'x g matrix Ya, the T'x P* matrix R contains the lagged endogenous regressor

values and the T' x Q* matrix S; contains the exogenous regressor values which are
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taken as fixed. P* =¥9%! p(m) and Q* = F_, ¢(n) which allows for the equations to
contain different numbers of lagged endogenous and exogenous regressors respectively.
01 is a (g+ P*+Q*) x 1 vector which contains all the structural form parameters. We
shall denote:

T = [Yo:Ry:S1] and F= [WQ Wit : 0] (2.7)

as, respectively, the non-stochastic and stochastic parts of T which will be used in
later analysis. Notice that the non-stochastic part of Y contains Y and R; which are
the unconditional expectations of Y5 and Ry respectively. Note also that in F, Ws is
the relevant stochastic part of W for Y3 as given in equation (2.3).

The standard 2SLS estimator of d; can be written as:

=11 "y (2.8)
=01+ (Ylﬂf)_lﬂflﬂl
where
b1y % S Ly 4 S 1 XY
T=[2:R:51] and Yo=> L'VYTy'+> L/XIIy
i=1 =0

and Y3 is obtained when the reduced form equation (2.2) is estimated by OLS. The
matrix R; which refers to L'Y; is T x P*, where P* = Zgj:ll p(m). f;i), i=1,2,...,p
and ﬂgJ ), j=1,2,...,q are respectively, G x g and K X g matrices of estimated reduced
form coefficients in equation (2.2). Y can be also decomposed into non-stochastic part

T and stochastic part (T — ), hence:
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Using equation (2.7) and (2.8), and Yo = X Lif/F(i)—l—Zq-: LjXH(j), the stochas-
g i=1 2 §=0 2

tic part of T can be written as:

R O AR U S
T-T=|> L'Y( §—F§)+ZLJX(H§—H;)+ZUWP§:ZUWl;o] (2.9)
[i=1 ‘

j=1 =1 =1

A N U S Ay
SLY T =T+ XA 1)+ > L'W(l'y —T'y’):0:0
Li=1 j=1 =1

p . o~ ; ~
+ LT Ry 0],
=1

We define:

P , a , P, ,
Ay = ZLZY(FQ’—rg“)+ZLJX(H%—H;)+ZLZW(P§Z)—rg)):0:0], (2.10)
i=1 j=1 i=1

P
Ag =[S LWT: Ry - 0].
=1

Then Y =7 + A1+ As and it is possible to write

T =TT+ A AT+ A+ T AL+ T Ao+ AT+ AT+ AJAg+ AgA; (2.11)

— ] —

=TT+ E(AYA) + AA] + (AyAgy — E(AGA)) + (T Ay + AL Y)

(T A+ AST) + (A Ag + ASAY).

Let H™' =TT +E(AyAs) which is O(T), then put the O,(T"'/?) component of
T'T as Ji and the O,(1) component as J5. Where, J; includes (A;Ag —E(A;Ag)),
((T/Al —I-A;T), and (T,AQ‘l‘A;T) (A;AQ—FA;AQ , and the component of J3 is A;Al.

We can then express (T'T)~! from equation (2.11)as follows:

X)) ' =(H '+ T+ ) =HI+J H+J3H) ! (2.12)

— H—HJ{H +0,(T73/?)
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and noting that T=T+A1+A, , we have
Ty =Tty + ALy + Ayiiy. (2.13)

Here Allﬂl is Op(1), T4 and A;ﬂl are Op(T'/?). Combining equation (2.12) with

(2.13) gives:

51 -0 = (T,T)flT/fbl = HTﬂl —l—HA/lﬂl —l—HA/Qﬂl — HJfHTlftl (2.14)

— HJ;HAg@iy +o0,(T7Y).

Taking expectations term by term yields the 2SLS bias, and this is given in Theorem

1 below. Defining H*~1 = E(Z/Z ), where recall that Z = [R : S] which includes all the
I

P
lagged endogenous variables and all the exogenous variables and let Iy = which is

0
(P+ Q) x P selection matrix, then I5H*I; = H**, a sub-matrix of H*. We also define

the matrix C* = I‘é*) . [; : 0| whichis Px (g4 P*+Q*) matrices. It contains the
P x g matrix Fg*) = (Fgl),f‘g), ...,ng))/, the P x P* selection matrix /7, and the P x Q*
matrix (Opyxg+). It then follows that we may write Ag =[YF_; LiVT/I’g) . Ry : 0] = RC™,
where R = [LW : L*W : ... : LPW] includes all the stochastic part of lagged dependent
variables. We will use this expression for further calculations in the appendix. Define
T=0%p and ¥ = A**/T, ¢ is defined by using, Nagar (1959), the decomposition for V/,
vV =5* —Hll(bl , where S* and #; are normally and independently distributed. Then

I;:0

po? =E (%f//ﬁl). We define A*™* = which is a G x (g + P*+ Q") dimension

0
selection matrix, then V5 is the 7' x g sub-matrix of matrix V, which can be expressed
- - |1g:0
as [V2:0:0]=V . With these and earlier definitions of terms we may state the
0

following;:
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Theorem 1 . The bias of the 2S5LS estimator of the first structural equa-

tion parameters to order T~! is given by:

E(by— &) =Htr{ZH*Z }9— HY ZH*Z YHY (2.15)
— Htr{ZH*Z YHY W

p p ,
+HY Y Z T — 1) tr{ QI W, H W Jy_ Y0
i=1j=1t= Z,j

—HZP:ZP: Z —r) (tr {ZH* [y0,J, Qo jV,C*HT }) 9
I=1j=1r= l,]

p D
~HY Y Z T—1)C* W, QJy VI, H* Z THY
i=1l=1t= Z,j

p D
—HY > Z T =) (tr{ Qi L, H Z THC Wy J; 1 })0
i=1j=1t=1,j

p D
—HY ZH* Y} Z]Q — )W, QU CY HY
i=1j=1t=ij

SO RETRTE) 2 o oo

i=11=1t=i, i=1m=1s=j,m

HC*/\IIZJ;_Z}) ¥

p P
~HY Y Z T—1)C* W J,_ QU H*
1= 1] 1t=i,35

X Jo jQU g0, C*

p
XZZ Z T -], Q] U, C*HY
I=1m=1r=I,m
p T-1p
—HY Y T % Z D!D¥ YH(tr{Q0J,_ ]H**\If ARSY
i=1 t=1 j=1 s=j
., pT-1p T-1 B , ,
—HY > > > > D'D*THA™ QiU H*V, J,_iT
1=1 t=1 j=1 s=j
p T-1 p T-1 , S —1
—HY >N > (tr{v,J, QJt,i\PiH**})(tr{DtDs THY })9
=1 t=1 j=1 s=j
p T-1 p T-1
—HAYY Y Y ]\IIJH**\II J,_(tr{D'YHY D*})r
=1 t=1 j=1 s=j
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p T-1
—HY' Y Y. D'YH C* W, J,_;7
1=1 t=t
p T-1
—HY. S ¢, (tr{Y D' THY)r
i=1 t=¢
pT-1Pp
~HY Y > Z (tr{D'D¥ ZH* W, J,_QJs_;V;C*HY })9
=1 t=1 j= 15—]

=

T-1 p
~HY > > ZA** OJs_V.C*HY D' D ZH* [,W; J,_;7
i=1 t=1 j=1 s=j
p T-1 p T-1
—HAY SN S QU V.CHHY DY DS ZH bW, T
=1 r=l j=1 s=)
p T-1
—HA™Y S ) Z OJ, U H* Z' D" DSYHC 0,07
I=1r= lj 1s=j

hS]

—HY > Z C¥Wid,_ QU I, H*Z D'D¥ T HY

-1

p ,
Y > D'D*ZH IV;J;_ Q) ViC*HY

~H N1 { ZH LW, g} 0, jV,C*HT' D'D™ } -

—HY S ) A QI C*HY D' D ZH W, J;_ ;7
SO (tr { QAT HCH W0, Y)

x (tr{D" ZH*Z D*Y.T)r
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p T-1 T-1

—HY. S S (4 { Qs W,CTHC W, Nr{ZH*Z 'D'DF Y)Y
i=1 t=t j=1 s=j

p T-1

—HA S SN S QU VG HO Uy (tr{ ZH* Z DD )T

=1 t=1 j=1 s=j

bS]
’F

+o(T7h).

A proof of this result is given by Appendiz A.1 and it is obtained by evaluating the
expectations of each term.

From the result, we note that the bias of 2SLS to order T~! of the first structural
form equation has two distinct parts: a part is due to the simultaneity of the system
which is represented by the first three terms in the above, and a part which is due
to the dynamic nature of the structural equation which is represented by all the
remaining terms. Here, H = (YT +E(ALA))"L, H* = (Z'Z +E(W* W*)~1) and
H* = IYH*Iy = I,(Z' Z + E(W* W*)~1) Iy, from which, we observe that the bias that
comes solely from the simultaneity terms should not include the expected stochastic
parts in the first three terms. In fact, the expression in Theorem 1 should reduce
to the Nagar (1959) bias approximation in static models when any terms that result
from the inclusion of lagged endogenous regressors are removed. This means that a
reduction of the above result to that for the static case will obtain with the removal of
any terms involving the ”D” matrix and the expected stochastic parts in the first three
terms, and this may be shown to be the case. Note that the first ten items without D
terms, will be removed by using the FLIML which will be analysed in chapter 3. The

numerical results will be discussed in section 2.6.
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2.4 Bias corrected 2SLS Estimator

Biased corrected 2SLS estimator for structural form equations parameters can be
obtained by estimating the approximating bias and then subtracting this bias estimate
from the corresponding estimator. As we showed in section 2.3, the bias approximations
depend upon the reduced form coefficient matrices V. 1@ T® 11D 113 11
the non-stochastic matrices X, LX,....LYX | the starting values y(/), Lyé,LQyE) and L3y(/)
vectors. The G x 1 column vector 7, is equal to 0?¢ = ]E(;Vlﬂl).

To obtain the estimated bias terms, the reduced form parameter matrices (), T2
0@ 11 1@, 1@ are replaced by their OLS estimates. The GG x 1 column vector 7 is
estimated from [Y — P L'YT() — 1 LOXTID) (y; —T6;) /T, the inner product of
the GG reduced form residuals vectors and the first equation of structural form residuals
vector, which is obtained when equation 2.6 is estimated by 2SLS. Then 9 is replaced
I;:0

0

by estimated 9 , where 9 = A% where A** = which is G x (g + P*+ Q")

dimension selection matrix.
Definition 1. Given 81,6(2SLS) is estimated 2SLS bias approximations

for the coefficient bias

_ (1) () (0) (1) (2)
01b(25LS) = (517b(2SLS) X1 b(2SLS) - M1,b(25LS) €1,6(2SLS) €1,b(25LS) 7+ Cl,b(ZSLS)> ;
and given that 81,2SLS is the 2SLS estimator of 6, the C2SLS bias cor-

rected estimator 81,C2SLS is as following:

01,025L8 = 01,2518 — 01 p(25LS)- (2.16)

To examine how well the C2SLS works for practical bias correction, a set of Monte

Carlo experiments were conducted and the results are discussed in section 2.6.
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2.5 Numerical Experiments Design

2.5.1 Numerical Model

The experiments were conducted using a three equation dynamic simultaneous equation
model with four lagged endogenous variables based on sample sizes 50 and 100. Hence
the matrix of endogenous variables is Y = (y1,y2,y3). Under the condition for the
existence of the moments for the 2SLS estimator !, in our experiment the degree of over-
identification L is greater or equal to 2, so that 2SLS estimates possess a finite mean and
variance. In our experiments, we chose L =2, 4 and 6 . To commence, we generated two
exogenous variables in each equation respectively. L is varied by augmenting the exoge-
nous variables in both second and third equations. Hence, when L = 2, the exogenous
variable matrix X = (x1,x2,23,24,25,26); when L =4, X = (x1,x9,23,24,T5,T6,T7,18);
and when L =6, X = (v1,x2,%3,74,%5,%6,T7,28,%9,710). Following the I(0) strictly
exogenous assumption in section 2.2, each exogenous variable is generated as Gaussian
autoregressive process with mean zero and with an autoregressive coefficient of 0.9,

and they are independent of each other.
Tjt = 0'9%'(1571) + Gt Sjt NN(O, 1).

The coefficient matrices are as follows (The coefficients are chosen arbitrarily

following with the stability assumption in section 2.2):

1 —111 -3 oV 056 —045
B=|-8y 1 —46/, AY=]_a) —062 028 ],
—Bn -8 1 —af) —0.00 —0.32

1Sargan (1974) showed that the moments of the 2SLS exist up to the order of over-identification in
the static SEM. We shall assume the result is valid for the DSEM also.
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P 080 —0.82 —o\¥ 046 —0.80
AD = 1_0@ o712 —ogo|, A®=|_o® _om2 031,
—af? —050 0.78 —af) —031 074

oMM 036 —0.2
AW =10V 046 0.58
—ol) 058 0.70

C11 C21 C31 0.00 0.00 0.00 0.00
L=2 C =|-1.00 0.00 0.00 0.75 —0.24 0.00 0.00];
1.00  0.00 0.00 0.00 0.00 —0.15 0.86

c11 c21 c31 0.00 0.00 0.00 0.00 0.00 0.00
L=4 C"=1-1.00 000 000 075 —0.24 0.35 0.00 0.00 0.00 |;
1.00 0.00 0.00 0.00 0.00 0.00 —0.15 0.86 —0.58

c11 c21 c31 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
L=6 C'=|-1.00 0.00 0.00 075 —0.24 0.35 0.68 0.00 0.00 0.00 0.00]-
1.00 0.00 0.00 0.00 0.00 0.00 0.00 —-0.15 0.86 —0.58 0.33

There are 17 coefficients in the first equation to be estimated and they are given

below:

Ba1 =2.00, B31=500, ol =050, o) =036, oll =040, ¥ =1.20,
ol =060, of?=-038, al¥=065 o =120, o{¥ =038 ¥ =050,
ol =060, all =—-020, 1 =1.00, ¢z =060, c5 =—0.50.
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The model disturbances are generated as standard normal random variables. The

reduced form of the model is:
Y =LYTW 4+ £2yr® 4 p3yT®) 4 L4yTW 4 XTI+ V,

where V' = (1,72, 03) is a T x 3 matrix of reduced form disturbances. We use a matrix
P from a Choleski factorisation of €2 to generate the reduced form errors. Hence each

row of V is obtained from the transpose of

U1t €1t
Ooy| =P |éayl s

U3t €3¢

where €1, €24 and €34 denote the standardised disturbances. Each row of U has mean
0’ and covariance matrix ¥, and is ii.d.. U is the structural form disturbances. Hence

the distribution of the structural disturbances can be evaluated from
Boy=ty =iy ~N(0,Y)  where Y =BQB.

We set the structural covariance matrix is as follows:

0.3524 0.3448 0.3112
2= 0.3448 0.3668 0.2984|
0.3112 0.2984 0.4064
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from which the reduced form covariance is:

0.0055 0.0054 0.0030
2= 10.0054 0.0844 0.0085] -
0.0030 0.0085 0.0069

Based on the above parameters, the relevant eigenvalues of the reduced form
equations which determine the stationarity condition can be calculated from the

following determinantal equation.
det |TW + @l + 1@ 1 31 _ i =0,

All the roots w are complex , but they are inside the unit circle Holmgren (2000),

which ensures the stability of this system.

w1 = 0.6947+0.4789¢, w9 =0.6947—0.4789:, w3 = —0.056140.59551,
wq = —0.0561 —0.59557, w5 = 0.0996 +0.7235¢, we = 0.0996 —0.72351,
wr = —0.584740.0909, wg = —0.5847—0.09097 w9 = —0.2039+ 0.4099¢,

wip = —0.2039 —0.4099:, w11 = 0.4688+0.00007, w12 = —0.2651+0.0000¢.

This system above is slightly different from the general model equation (2.1). We
have normalized with respect to 811 = 1 = 22 = 33. To achieve the general case (with
high lag order), we choose 4 lags (most macroeconomic data are quarterly data). While
many of the simulations conducted in the literature focus on two equation models, we
decided to simulate a three equations model in this paper.

The initial values, y(/),Lyg),LQy(/),ngy(l) are generated by averaging the simulated

reduced form 1000 times. We first take the expectation of the reduced form, where
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/ / / / /

E(y )4, and ' = E(X), which is as follows:
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From it we obtain E(y/). Then using this 1 x 3 vector E(y/) as the starting value in
the reduced form to generate T' x G matrix (Yp); which is ((yé)l)l, (yéb)l...(yépl)l, (yéT)l),.
Following this procedure, we generate the M = 1,000 sets of T'x G matrices Y
which is (Yo)1,(Yo)2...(Yo)ar—1,(Yo)ar- Then the pool of initial value Yy is Yy =
M (Yo)m which is T x G matrix. Hence, the initial value in this four lagged

dependent variables model is given by y(/) = Z%zl(yéT)m /M, Ly(l) = Z%Zl(ygT_l)m /M,

Ly =N (Yo,_,)m/M and L3y, = Z?V(?JOT_B)m/M-

2.5.2 The Simulation model

The number of Monte Carlo replications is 20,000, while 199 bootstrap replicates are
used when constructing the bias corrected bootstrap.
Bootstrap

Based on Freedman (1984), Ip (1991) provides support for the asymptotic validity
of the 2SLS bootstrap in static and dynamic models where errors are normal, and
MacKinnon (2002) conducted hypothesis testing in static model which also supports
the asymptotic validity of the 25LS bootstrap.

The residual bootstrap 2SLS is simulated by first estimating the equation of interest
using 2SLS. Then by using the estimates and resampling the estimated residuals, pseudo-
data (B sets ) are generated. Bootstrap replicates are obtained by implementing 2SLS
on each of B sets. The bias corrected bootstrap estimate of §; can be calculated as
261 — 3175, where 4 is the original estimate, and 3175 is the mean of the bootstrap

replicates.
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Freedman’s bootstrap remains the same steps as the usual residual bootstrap,
except the generation of the pseudo data.

Our target is to estimate
1 =Y+ LYiotY + 12vial? + 13y oY + 141l + X + i (2.17)

and we would like to generate the pseudo data v , LYy, LY}, L3Y] | LAY} and Y5
from equation (2.17) by resampling the residuals @ 2575. However, the first element
y] cannot be obtained without knowing the first element of Y5. Hence, we use the

reduced form of Y5, which is estimated by OLS as,
Yo = YT + 22y PP 4+ 23y TP + L4y P 4+ XTI, + 15, (2.18)

Equation (2.18) is used in conjunction with the 2SLS estimate of equation (2.17),

which will become,
1 =Yofi + Ivial + 12vi6l? + 13vial® + p4vial + X160 + . (2.19)

Then, we can resample the 41 in equation (2.19) to generate ﬁ’{ and then resample the
‘sz in equation (2.18) to give ‘z* Note that the disturbances are resampled from the
rows of (i1, ‘Q/Q), so that the elements in the resampled residuals 4} and f/z* correspond
to each other.

Based on the resampled residuals, we can generate the pseudodata which we need.
Here we use the same procedure as we defined in section 2.5 to get the initial values of
y(/)*, Ly(l)*,LQy(/)*,L?’y(/)*, but the parameters now are replaced by the estimated value in
this 2SLS-bootstrap method. Then, it is possible for us to generate y/ﬂ from equation

(2.18) by using 13/2*1 This can be then substituted into equation (2.19) and used with
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Ly/f';, LQyIf’;,Lgy,ﬂ , L4y/ﬂ and ﬁfl to generate yi,. Then yj, can be put into equation
(2.18) to generate the second vector element of (Y5") which can be used in (2.19) to
give the next element (y]) to put in equation (2.18). Continuing this iteration gives
the full vectors of yi , LY, L2Y} | L3Yy | LAY} and Y5

Finally the actual data are replaced by pseudodata to estimate the equation of
interest by using the traditional 2SLS estimation method. Thus, Y5 is regressed on
(LY* : L2Y* : L3Y* : L*Y* : X) in order to generate the fitted values Yy, the y is

A

regressed on (Ys : LY*: LY *: L3Y* : L*Y* : X1) to give the bootstrap 2SLS replicates

(
A(D)x A (2)x
1

be, alg , Gy, 025312*, (34%42* and éib. For each §; € (51,a(l),a(2),a(3),a(4),cl), the
bias corrected bootstrap 2SLS estimate is given by 517b = 231725L5 — 5’{ I—J,Where 51‘5 =

1 p =
B Lb=1 07 p-

The bias corrected bootstrap based on our numerical design is as follows:
Definition 1. Given 51 ; as the mean of the bootstrap 25LS replicates for the coefficient
01 = (/Bl,a(l),a@),a@),a(‘l),01), and given 81,251;5 as the 2SLS estimator of d1, the

bootstrap bias corrected estimator 51,b is as follows:

01 = 2012505 =0} 5.

2.6 Numerical Results

The numerical results show a comparison of the performance of 2SLS, and the residual
bootstrap 2SLS and C2SLS, which is summarized in Table A.1 to Table A.3. Table
A.1 reports the overall bias approximation, simultaneity bias, and dynamic biases,
respectively. Table A.2 presents the bias of 2SLS, the bias of Bootstrap 2SLS, and
the bias of C2SLS respectively. Table A.3 presents the MSE of 2SLS, Bootstrap 2SLS,
and C2SLS respectively. (21, 831 are the coefficients of endogenous variables of the

first structural form equation. af; to a4, are the coefficients of the lagged endogenous
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variables ( 4 lagged endogenous variables ). ¢11 is the constant, and ca1,c3; are the
parameters of exogenous regressors.

Table A.1 shows that the bias approximation may tend to overstate the magnitude
of the "true" bias as given by the Monte Carlo estimates in 2SLS. For example, when
[o1 =2.00, L =2, and T = 50, the 2SLS bias is —0.3042, whilst the bias approximation
slightly higher than the 2SLS bias of —0.3229. Moreover, when we numerically evaluate
the dynamic bias and the simultaneity bias separately, the results show that they
have opposite signs. If we still look at the coefficient above, the approximated bias is
—0.3229 where —0.5322 comes from simultaneity, and 0.2093 comes from the dynamics.
It implies that if the bias correction method can only eliminate either the simultaneity
bias or the dynamic bias but not both, then instead of decreasing the overall bias, the
bias correction method could possibly provide more biased estimates. Hence, a bias
correction method which effectively reduces the bias in the static case may not do so
in the dynamic case.

When the sample size increases, both approximated bias and the bias of 2SLS
decreases. At the same time, when the order of over-identification L increases, this
is followed by an increase in the 2SLS bias and a corresponding increase in the
approximation.

The results for the corrected 2SLS(C2SLS) estimator which was constructed by
subtracting the bias estimate are presented in Table A.2. This bias corrected estimator,
based upon O(T~!) approximation, significantly reduces the 2SLS bias. For a3,
the coefficient of L?y3 in the first equation, in fact when L =2 and sample size is
T = 50, by using the new C2SLS estimator, the bias reduced from +61% to +9%.
Generally, C25LS gives almost unbiased estimators in both sample size 50 and 100,
when over-identification level is L = 2,4 and 6. The alternative approach based on the

non-parametric residual bootstrap applied to 2SLS also reduces the bias effectively; in
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most cases the bootstrap 2SLS gives almost unbiased estimates when sample size is
100. However, in general, compared with C2SLS, the performance of bootstrap 2SLS
is weaker in reducing the bias. As we have shown for a3, when the bootstrap method
is used the bias is reduced to +30%, and when the sample size increases to T = 100
and over-identification level is still L =2, both these two bias correction methods yield
almost unbiased results eliminating around a 15% bias from the 2SLS estimator. It is
clear that, generally, these two bias corrected estimators have a substantially smaller
bias than their uncorrected counterparts.

Table A.3 reports the MSE of 2SLS, C2SLS, and Bootstrap 2SLS respectively .
Generally, the MSE for C2SLS is smaller than the corresponding MSE for the 2SLS
while both are smaller than the bootstrap 2SLS MSE. Interestingly, the MSE of the
bootstrap 2SLS is lower than that of the 2SLS for the coefficient of endogenous variables
and exogenous variables when L = 4,6, in both sample size sets. In few cases, the
MSE of C2SLS is slightly larger than that of 2SLS because of the almost unbiasedness
estimates of 2SLS itself when sample size is large. However, this increasing is trivial.
For o2,, which is the coefficient of L?ys in the first equation of the structural form,
when sample size is 100 and the over-identification level is L = 2,4 and 6, the percentage
of bias for 2SLS is —2% , —3%, —2% and the MSE is 0.0375, 0.0294, 0.0250, while
for C2SLS, the MSE is 0.0398, 0.0294, 0.0272. It is clear that the C2SLS has the
smallest MSE, and the bootstrap 2SLS has the largest MSE . However,the MSE of
the bootstrap 2SLS is not far from the results for 2SLS, and when L increases, the

difference becomes smaller.

2.7 Conclusion

The O(T 1) bias in 2SLS estimation of a general DSEM can be decomposed into two

parts, which come from the simultaneity and dynamics respectively. These two bias
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components may be of opposite signs which indicates that the bias correction used
should be able to reduce the bias that comes from both components; otherwise the
overall bias could become absolutely larger. Notice that the bias approximation tends
to overstate the magnitude of the "true" bias as given by the Monte Carlo estimates in
2SLS. Even so, the bias corrected estimator, based upon the O(T~1) approximation,
very substantially reduces the 2SLS bias. In addition, it was found to be better
overall in terms of MSE, as there is no inflation of the 2SLS MSE. Hence, from the
theoretical and analytic analysis, the bias corrected estimator, based upon O(T~!) can
be recommended as a bias reduction technique.

The bootstrap simulation results in this paper provide evidence in support of the
alternative bias correction technique based on the bootstrap. It performs particularly
well in bias correction. While the bias correction is not as effective as C2SLS, the
computer cost is less which may be a consideration. The bootstrap also reduces the

MSE in 25LS for both endogenous and exogenous variables when L is large.






Chapter 3

A Comparison of Limited
Information Estimators in Dynamic

Simultaneous Equations Models

3.1 Introduction

An important distinction of this paper is that it is the first paper that investigates
the performance of the modified limited information maximum likelihood ( Fuller
(1977)(FLIML)) estimator in the general dynamic simultaneous equation model (DSEM)
when the sample size is small.

This chapter compares the bias approximations of 2SLS and FLIML in the general
DSEM without any restrictions on the order of the dynamics, whereby there may
be any number of lagged regressor variables, both lagged endogenous and exogenous,
provided that the required identification conditions are met. This chapter represents a
considerable extension of earlier work cited below. The corresponding bias approxima-
tion in 2SLS is given in Chapter 2. I then evaluate the bias approximation for FLIML

and represent this result in the context of the approximated bias in 2SLS to make
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these two bias approximations comparable. An improved estimator which is unbiased
to order T~! is proposed by incorporating estimates of the bias approximation into
the corresponding estimators, i.e. 2SLS and FLIML.

Analytically, the FLIML estimator gives much less biased estimates than the 2SLS;
it removes the simultaneity bias completely and dynamic bias partially to order T 1.
This is a result which has not been observed in the previous literature. The bias
corrected estimators, CFLIML and C2SLS, give almost unbiased results to order 7.
Numerically, the Monte Carlo experiments also support the analytical analysis. In
addition, in general the mean squared errors of CFLIML and C2SLS are less than the
associated uncorrected estimators.

The linear simultaneous equations model is one of the most important models in
economics and there are several estimators for estimating its unknown parameters.
For static models, two stage least squares (2SLS) has, historically, been the the most
commonly used limited information estimation method. Another popular method is
that of limited information maximum likelihood, LIML. The fact that LIML does not
possess finite moments of any order is well known, see for example Roberto S. Mariano
(1972). More recently Chao et al. (2013a), Chao et al. (2013b) also provide proofs
that LIML does not have any finite moments , which leads to particularly dispersed
estimates, see Hahn, Hausman, and Kuersteiner (2004). To solve the problem of limited
information maximum likelihood estimation Hahn, Hausman, and Kuersteiner (2004),
Hausman et al. (2009) suggested the estimator proposed by Fuller (1977) which we
refer to as FLIML. This estimator has a k-class representation based on k = Apyjier»
where Apyjier = A* — 7% = min %;;*/;;Z;:i*

has a small bias property. In the static case, the FLIML estimator yields estimates

— 727 It has all necessary moments and

which are unbiased to order 771, and order o2 respectively, see Anderson, Kunitomo,

and Morimune (1986).
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However, I am not aware of any work in the literature which explores the properties
of FLIML in the dynamic simultaneous equations model; in particular, it is not known
if the approximate unbiasedness property which obtains in static models carries over
to the dynamic case. My paper is interested to explore this area.

The seminal paper is Nagar (1959) where the approximation employed is essentially
based on a Taylor series expansion to approximate the sampling error (the difference
between the statistic and the parameter), so that the successive terms are in the
descending order of the sample size T, in probability. He found expressions for the
bias to the order of 7!, and for the second moment to the order of T72; for general
k-class estimators.

To illustrate, suppose a sample size T and an estimate & of a coefficient vector
«, the large-T approach in Nagar (1959) starts by expanding the estimation error as

follows:

) p es Tp
VT (G —a) = 8; TA2)6-1) T T2

where ey, for s =1,...,p, and 7, are all O,(1) as T'— oco. Here r, is the remainder
term in an expansion up to order p. A bias approximation is then obtained by taking
expectations of the terms in the summation.

An alternative is the small-o approach due to Kadane (1971). This method uses a
Taylor series expansion to expand the expression for the estimation error, so that the
successive terms are in a power series of ¢ in probability, in contrast to the large-T
asymptotic expansion which orders these terms in descending order of the sample size,

T, in probability. The general expansion is
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and where €5 , for s =1,...,p, and 7}, are also bounded in probability, this time as
o, the standard deviation of the equation disturbance, tends to zero. The bias is
then approximated to an appropriate order by taking expectations of the terms in the
summation.

It has been shown that the two approaches give essentially the same bias approxi-
mations in the static SEM case. However, as shown by Kiviet and Phillips (1989) the
two approximations are not the same in dynamic models and the large-7T" approach
is superior. In addition, the small-o approximation requires that the disturbance
be suitably small and approaches zero in limit. The rationale is that when o gets
progressively smaller the econometric models gives a progressively better explanation
of the data. Hence both large-T" and small-o are idealisations.

Hahn and Hausman (2002), and Bun and Windmeijer (2011) investigate the use
of bias approximation and reduction in static simultaneous equations models. These
papers also use the asymptotic expansion to obtain the bias approximation to order 771,
then investigate the performance of estimated approximated bias in bias reduction.

There has been some research which has explored the properties of estimators in the
DSEM. The earliest known work is Kiviet and Phillips (1989). Phillips and Liu-Evans
(2015) shows in Monte carlo simulations that by using the C2SLS in the first order
DSEM, the new C2SLS method gives almost unbiased estimation. This work however,
considered only the restricted case of one lag for the lagged endogenous regressor
variables, yet it is recognised that often dynamic models will have higher order lags
especially when quarterly models are specified. Chapter 2 extends this paper into p
high order lags. Moreover in this chapter a bias approximation was used to obtain a
bias corrected estimator which was shown to be, at least, comparable to the bootstrap
in reducing bias. In this chapter, based on Chapter 2 and the extended general model,

I analytically and numerically compare the corresponding results of 2SLS in Chapter 2
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with the FLIML estimator results. The bias corrected 2SLS (Chapter 2), C2SLS, and
corrected FLIML, CFLIML, are also presented in this paper.

The structure of the chapter is as follows. The next section outlines the general
model. Section 3.3 evaluates and compares the bias approximation of FLIML and 2SLS
estimators. Section 3.4 investigates how to apply the approximated bias to correct
the original estimators and construct new estimators (C2SLS/CFLIML). Numerical
experiments and results are present in section 3.5. The conclusion is presented in the

section 3.6.

3.2 Model

In this Chapter, without losing generality, we are still focusing on analysing the first
equation of a general dynamic simultaneous equations model, with innovation errors
and p lagged-endogenous and ¢ strongly exogenous, explanatory variables, which has

been discussed in Chapter 2:

r : q )
y1 = Yo 51 + ZLzylagl) + Z L]chgj) +1u, =T + 11, (31)
i=1 =0

where

T=[Ye:Ry:51] and 51 = (Bi,agl) ,...,agp) ,01(1)/,...,01((1)/).

Here Y1 =[y1 : Yo|isa T x (g+1) matrix of observations on g+ 1 included endogenous
variables. L'Y] is the i period lagged version of Y1, X7 is a T' x k matrix of observations
on k stationary exogenous variables.Y is a 7' X (¢ + P* + Q*) matrix which includes
the T'x g matrix Y, the T x P* matrix R; which contains the lagged endogenous
regressor values and the 7' x @Q* matrix S; which contains the exogenous regressor
values which are taken as fixed. P* = Zg;ll p(m) and Q* = YF_, ¢(n) which allows

for the equations to contain different numbers of lagged endogenous and exogenous
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regressors respectively. d1 is a (g+ P*+ Q") x 1 vector which contains all the structural

form parameters. We shall denote:
T=[Y2:R1:S51] and F=[Wa:Ry:0] (3.2)

as the non-stochastic and stochastic parts of T which will be used in later analysis.
Notice that the non-stochastic part of Y contains Y» and R; which are the unconditional
expectations of Y and Ry respectively. Note also that in F', Wy is the relevant stochastic

part of W for Y5 as given in equation (2.3).

3.3 Fuller Limited information maximum likelihood
Estimators

The Fuller Limited Information Maximum Likelihood (FLIML) estimator, see Fuller
(1977), is based on a modification of the LIML estimator and can be written in the form
of k-class estimator, where k = X\ — ﬁ, A is the smallest root of the determinantal

equation,
det|Y1(I — Px,)Y1 — A\Yi(I — Px)Yi| =0,

Py, = X1(X]X1)71X{, Px = X(X'X)71X’, and X; and X are the sets of exogenous
variables in the first equation and the whole system respectively. K is the total number
of exogenous variables in the system, and a is a positive integer in the range 1 to 4,
Fuller found that in the static case when a = 1, the estimator has a small bias, and
when a = 4 the estimator has smallest MSE but the bias is typically larger than when
a=1. We will explore the behaviour of FLIML when a =1 by comparing the FLIML

bias approximation with the 2SLS bias approximation. The FLIML estimate we shall
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write as:
1 / -
) Yy'Ys — (A - ) BV Yi|Rs)
OFLIML = r=r- Q , (3.3)
[Rl : 51] YQ {Rl : Sl} [Rl : 51}
Y, ()\ L v,
o= (A== | V2
% T—-P - Q n
[Rl : 51}

= (T%TF)_%IF?A

=01+ (TIFTF)ilfAr/Ful,

where Tp = [Va+ (1= (A= 7=p—))Va: R : S1| and Tp =" =[V3: Ry : $1].
Y3 is obtained as the predicted value of Y5 when the reduced form equation (2.2) is
estimated by OLS. T, and T 7 can be decomposed into their non-stochastic part Tp

and stochastic part Tp — T p, and ('Af r — YT r) respectively, hence:
?F = TF + (TF — TF),

YTr="Tp+(Tp—1),
using equation (3.3), and noting that Yp =Y, Tp =7 and Y; = by LiYng) +
s Lixny).
So that the above stochastic parts can be written as:

Yr-Trp=|Yoa-Yo+(1- (A~

ﬁ))VQ ((R1—Ry): 0] (3.4)

1
P
— [%_YQ;Rl—Rl:0}+[<1—(A—T_]13_Q))Vz:0:0)].
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Also,

Tp—Tp=|Ya—Ya: Ri—Ri:0| (3.5)

:[%—%:Rl—éli()]‘f'[%:O:O}.

Then,
Vs 0 0
. o 1
Y =TT+ (1—(\—
FYF +(1=(A T_P_Q)) 0 00
0 00

where T'Y is the counterpart expression in 2SLS. Recall that from equation 2.12:
(T = (H 4 Iy + 1) = H— HJ{H +0,(T73/?). (3.6)

The extra term in FLIML is (1 — (A — ﬁ)) 3Va = (1— (A — ﬁ)) V(I —

P,)Vy which is Op(1). Hence ,
(YpYr) ™' = H—HJfH+o0,(T73?), (3.7)

so that (T Tr)~" and (Y/T)~! are the same to order T~3/2, The remaining part of

FLIML compared with 2SLS in Chapter 2 is:

/

Tty = T+ | (1— (A — NVa:0:0| @y (3.8)

1
T-P—Q
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where, Y@y is the relevant part in 2SLS. Recall from equation 2.13 and 2.10 the

definitions of Aj and Ag :
T’l)l = T/fbl + Allﬂl + AIQﬁQ
Then combining equations 3.7 and 3.8 gives the approximate estimation error as,

orrivr —0 = (YponnYroive) T ppnin (3.9)

— HYiy + HA iy + HAyiiy — HIFHY @iy — HJFHAgii
The same bias as in 2SLS
1 ~ N _
m))VQ :0:0 ui +Op(T 1).

The extra term compared with 2SLS

YH|(1- (A

Notice that it is the last term in the above which gives an extra bias approximation
term to the FLIML expansion compared with 2SLS and taking expectations term by
term will yield the FLIML bias approximation to order 7~'. As I have mentioned in
the Theorem 1( Chapter 2), FLIML eliminates the first ten terms which are without
matrix D terms in the Theorem 1. This result is shown in Theorem 2.

Theorem2: FLIML gives less biased estimates compared to 2SLS, it
removes completely that part of the O(T~') bias approrimation which is
assoctated with the simultaneity bias. Moreover FLIML also partially re-
moves the bias comes from the dynamic part. The bias of the FLIML

estimator of the first structural form equation to order T~ is given by:

., p T-1 p T-1 - ) .
JE((SFHML —5) =—HY Y. S Y S DID*THANY QJy 0, H* U 057 (3.10)
i=1 t=i j=1 s=j
_/pT—lpT—l . , , ,
_HY Z; tZ Zl - D'D* YH(tr { QU H Wi, 1)9
1=1 t=1 j=1 s=j
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p T-1p . . »
—HY > > Z (tr{ 0, T QT LT (tr{ D' DS YHY' }.T)0
i=1 t=t j=1 s=j
p T-1p T-1
—HAMY S Y Y J\IJ H*W,J, (tr{D'YHY D*}.I)r
i=1 t=t j=1 s=j
p T—

1
—HY' Y Y. D'YH C* W, J,_;7
=1 t=
p T-1
—HY. S ¢, (tr{X D' THY}.I)7
=1 t=1

7

p T-1 p T-1

~HY S S (DYDY ZH 1V, d,_ QT WG HY V.I)0
1=1 t=1t j=1 s=j
p T-1 p T-1

~HY. S S S A QU V,CFHY DY DY ZH LW,y
i=1 t=t j=1 s=j

p T—1 p T—1 , o, )
—HA™S > QJs—jU,C*HY D" D*ZH* 139, J, T

=1 r=l j=1 s=j

p T—-1 p T—1 o, )
—HAS NSNS QI W H Z' DT D*YHC™ \Ifjjg_jf

=1 r=l j=1 s=j

pT-1p T-1 / ’ ro y ’ —

—HY > 3 Y, QJ, VI, H*Z D'D® THY

i=1 t=t j=1 s=j
p T-1 p T-1
—HY. S Y ¢, QNFHY DY DY ZH [0, J,
i=1 t=t j=1 s=j
p T-1 p T-1
—HY S S ¢, (tr{ D' D’ ZH 0], JONTHY }T)
i=1 t=t j=1 s=j
p T-1 p T-1
—HY >3 > CTWJ QNTHY DU D'ZH V)]
1=1 t=1 j=1 s=
_, pT-1p T-1
—HT' Y S Y Y DDt QWO HAY Y T ZH Ly,
i=1 t=1t j=1 s=j
_, pT-1p T-1 .
—HY Y >3 > D'D*ZH'IV;J, ;QJ; i W;C*HY
i=1 t=i j=1s=j
pT-1p T-1 B _ /
—H S At {ZH LV QJ, jW,CTHY' D'DY 7
i=1 t=i j=1s=j
T-1 T-1

p , _ _
YN ATQI V.C*HY' D' D ZH LV {7



3.4 Bias corrected 2SLS/FLIML Estimators 47

p , ’ / ’
> > CF Wy (tr{ QAT HOT Wy, ) )

x (tr{D" ZH*Z D*}.T)r

S (tr{DY ZH*Z D¥}.1)C¥ i J,_QHC ;0,0
5=J

p T-1 ’ ’ ’

—HY S S (0 { QWG HC W, )

i=1 t=i j=1 s=j

=
(]
S T_llM’E

x (tr{ZH*Z D'D*'}.T)9
y P Tl p T-1 ’ ’ ’ _ _/
—HAY Y S SN QI jW,.CHHCT Uy (tr{ZH*Z D'D*}.I)7
i=1 t=i j=1s=j

+o(T™h).

A proof of this result is given in Appendiz B.1 by evaluating the expectation of each

term. The two stage least squares result is given in Chapter 2.

3.4 Bias corrected 2SLS/FLIML Estimators

The procedure is the same as shown in section 2.4 for the bias corrected 2SLS estimator.
Bias corrected 2SLS/FLIML estimators for structural form equations can be obtained
by estimating the approximating bias and then subtracting this bias estimate from the
corresponding estimators.

Definition 1. Given 317b(25LS/FL1ML) as estimated 2SLS/FLIML bias

approximations replicates for the coefficient bias

1
01,b(2SLS/FLIML) = (ﬁ Lb(2SLS/FLIML)> ag,lz(%'LS/FLIML) R O‘E)IZ(QSLS/FLIML) g

0 (1) (q) )
€1,6(2SLS/FLIML) €1,b(2SLS/FLIML)> > €1,6(2SLS/FLIML))
and given SI,QSLS/FLIML as the 2SLS/FLIML estimator of 0, the C2SLS
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and CFLIML bias corrected estimator SljcQSLS/CFL]ML is as follows:

01,025LS/CFLIML = 0125LS/FLIML — 01,6(25LS/FLIML)- (3.11)

To examine how well the C2SLS/CFLIML works for practical bias correction, a set
of Monte Carlo experiments were conducted and the results are discussed in section

3.5.

3.5 Numerical Results

To be consistent, the numerical model and coefficient set up of this chapter is exactly
the same as in Chapter 2, three dependent variables simultaneous equations models,
with four lagged dependent variables. See the Chapter 2 numerical design numerical
model part. The number of Monte Carlo replications is 20,000.

The numerical results of 2SLS, FLIM, C2SLS, and CFLIML are summarized in
Appendix. B.2 from Table B.1 to Table B.3. Table B.1 shows the bias approximation in
both cases. Table B.2 presents the simulated estimation bias of 2SLS, FLIML, C2SLS,
and CFLIML respectively. Table B.3 presents the MSE of these estimators. (21 and
(31 are the coefficients of endogenous variables of the first structural form equation.
ol to ady are the coefficients of the lagged endogenous variables. cj is the constant
term, and ca21,c31 are the parameters of exogenous variables.

In Table B.1 most of the bias approximations actually provide an overstated
indication of the magnitude of the "true" bias as given by the Monte Carlo estimates
in 2SLS and FLIML. The bias approximations of FLIML are generally smaller than
those of 2SLS, and many of them have opposite signs. This latter characteristic arises

because the bias that results from simultaneity and dynamics have opposite signs in
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2SLS which was observed in Chapter 2, while FLIML removes the simultaneity bias
and part of the dynamic bias.

Both Table B.1 and Table B.2 show that when the sample size increases, the bias
of estimators decreases, and when the level of over-identification L increases, the bias
of estimators also increases. Comparing the two uncorrected estimators, FLIML has
superior performance to 2SLS in reducing the estimated bias for the endogenous and
exogenous variable’s coefficients. The bias that is left is relatively small and many
estimated coefficients are almost unbiased. As was discussed in section 3.3, the bias
approximation of FLIML concerns only the dynamic part (compared to 2SLS, FLIML
eliminates the bias from simultaneity and some parts of the dynamics that are present
in 2SLS). The estimated values of parameters based on FLIML are much less biased
than the 2SLS in most cases, however, when sample size is 50, the bias of ady, for
the FLIML estimator is larger than for 2SLS. When the sample size is 50, with the
over-identification level L =2, the bias of FLIML estimator for a4, is 10% more than
2SLS. The bias corrected estimators in the Monte Carlo simulations, i.e.C2SLS and
CFLIML, are obtained by replacing the unknown coefficients in the bias approximation
with estimates, which has been discussed in section 3.4.

Comparing the Monte Carlo bias estimates for C2SLS, CFLIML, with those for 2SLS,
FLIML, it is clear that, generally, the bias corrected estimators have a substantially
smaller bias than their uncorrected counterparts. In general, C2SLS and CFLIML yield
almost unbiased estimators in both sample size 50 and 100, when over-identification
level is L = 2,4 and 6.

While the uncorrected FLIML estimates are much less biased than the uncorrected
2SLS, the mean squared errors of the parameter estimates of the endogenous and
exogenous variables for the FLIML estimator are smaller in the simulations than

those of 2SLS. However, the MSEs of dynamic coefficient estimators in FLIML are
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slightly larger than in 2SLS, though the percentage increase is not large. The MSEs of
CFLIML and C2SLS exhibit similar characteristics. The MSE decreases when sample
size increases; the MSE of the corrected estimators are smaller than the associated
uncorrected estimators in general. In few cases, when sample size is large and the bias
of uncorrected estimators is small, the MSE of corrected estimators is slightly larger
than the associated uncorrected estimators. However, this increase is not likely to
be substantial. For a};, which is the coefficient of L'y; in the first equation of the
structural form, when sample size is 100 and the over-identification level is L = 2,4
and 6, the percentage of bias for 2SLS is +2% , —0%, +3% and the MSE is 0.0152,
0.0104, 0.0084, while for C2SLS, the MSE is 0.0160, 0.0105, 0.0097. The percentage of
bias for FLIML is +1% , —1%, +1% and the MSE is 0.0165, 0.0118, 0.0102, while for
the CFLIML, the MSE is 0.0168, 0.0121, 0.0101.

3.6 Conclusion

The O(T 1) bias in 2SLS estimation of a general DSEM can be decomposed into two
parts, which can be related to the simultaneity and dynamics respectively. However,
the bias of FLIML effectively comes from the dynamics. It removes the simultaneity
bias to order T~ which is in 2SLS and some part of the dynamic bias. It gives less
biased estimates compared to 2SLS. Notice that the bias approximation provides an
overstated indication of magnitude of the "true" bias as given by the Monte Carlo
estimates in 2SLS/FLIML. The mean squared errors of endogenous and exogenous
variables’ coefficients in FLIML are smaller than in 2SLS. However, the MSEs for
some dynamic coefficient estimates are found to increase in FLIML. The bias corrected
estimator, based upon the O(T‘l) approximation, very substantially reduces the
2SLS/FLIML bias. In addition, it was found to be better overall in terms of MSE, as

there is no inflation of the MSE of uncorrected estimators. Hence, the bias corrected
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estimator, based upon O(T~!) can be recommended as a bias reduction technique for

either estimator from our analytic and numerical analysis.






Chapter 4

Bias Approximation and Reduction
in the pth -order Dynamic Reduced

Form

4.1 Introduction

Many papers have examined the properties of least squares estimators in dynamic
regression models with white noise innovation disturbances. It is consistent, however,
it exhibits serious bias when sample size is small. In this paper, we extend the analysis
in Kiviet, Phillips, and Schipp (1999) to the general pth-order dynamic reduced form
case. Two most popular approximation expansions are used to derive the properties of
the ordinary least square estimators in dynamic regression models; Nagar’s large-T
approximation method and Kadane’s small-o approximation. The latter one was first
employed by Kadane (1971) for k-class estimators to analyse the coefficients of a single
equation of linear simultaneous stochastic equations with normal disturbances. This
method uses a Taylor series expansion to expand the expression for the sample error,

so that the successive terms are in descending order of o in probability, in contrast to
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the large-T asymptotic expansion which orders these terms in increasing order of the

sample size, T', in probability. The general expansion is

p
(G—a)= Z o le, + 0?1

and where €5 , for s =1,...,p, and 7}, are also bounded in probability, this time as
o, the standard deviation of the equation disturbance, tends to zero. The bias is
then approximated to an appropriate order by taking expectations of the terms in the
summation. Kiviet and Phillips (1993), Kiviet and Phillips (1994) applied the small-o
approximation in the context of ARX models.

The large-T approximation in OLS, was first used by Grubb and Symons (1987) for
the OLS estimator of the lagged dependent variable parameter in a first order stable
autoregressive model with exogenous variables (ARX(1)). Then Kiviet and Phillips
(1993), Kiviet and Phillips (1994) provided a series of extensions of Grubb and Symons
(1987). They extended the analysis to the estimator of the full coefficient vector and
the high order dynamic regression model, ARX(p). All the papers above are in a
stable model context. Kiviet and Phillips (2005) extended the Nagar approximation
to examine the bias, variance and mean square error of the OLS estimator for the
coefficient vector in a linear dynamic regression model with a unit root. Kiviet, Phillips,
and Schipp (1999) also explored both small- o and larger-T approximations for the OLS
estimator in the context of a first order dynamic reduced form model with normally
distributed white noise disturbances and an arbitrary number of exogenous regressors.

Then the bias approximation was used to construct the corrected OLS (COLS),
respectively, unbiased to order o2 and order 7!, Kiviet and Phillips (1993), Kiviet
and Phillips (1994), Kiviet, Phillips, and Schipp (1999).

It has been shown that the two approaches give essentially the same bias approx-

imations in the static case, and have almost the same effect in the bias correction
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procedures. However, as shown by Kiviet and Phillips (1989), Kiviet and Phillips
(1994) and Kiviet, Phillips, and Schipp (1999), the two approximations are not the
same in dynamic models, the results that come from small-o approximation are proved
rather poor and the performance of biased corrected estimator is poor as well. The
large-T approach is superior, it leads to the bias corrected estimators continuing to
perform satisfactorily and it would be much preferred.

The numerical method, the bootstrap, is a most popular tool in econometrics for
improving estimation and inference. In the normal distributed errors ARX(1) model,
Ip (1991) has proven that the residual bootstrap bias correction removes the O(T~1)
part of the bias. Surprisingly, Inoue and Kilian (2002) shows that even under the case
where the process is integrated to order unity, as long as the number of lags p > 1,
the residual bootstrapping in the high order AR(p) processes is valid. Hence, we are
interested in exploring the performance of this residual bootstrap method in the pth
lagged dependent variables reduced form model.

In this chapter, without losing generality, we focus on the bias in the OLS estimates
for the first equation of a multi-equations system, where p lagged dependent variables are
included. The bias approximation to order 71 is derived by using the Nagar expansion,
and the bias corrected estimators are constructed by employing the estimated bias
approximation. We set up a series of Monte Carlo experiments to show the performance
of COLS, and the residual bootstrap OLS in this general reduced form model. The
simulations and numerical results suggest that the OLS bias can be substantial which
was also observed in Kiviet, Phillips, and Schipp (1999). The COLS estimator gives
almost unbiased estimation, and the residual bootstrap method is also well behaved
in the bias reduction procedure. However comparing these two methods, the O(T1)
expansion is more effective. Moreover, these two bias correction methods do not lead

to an increase in the MSE.
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The structure of this chapter is as follows. Section 4.2 introduces the general
reduced form model, and section 4.3 presents the bias approximation to order 771 .
Section 4.4 constructs the COLS by introducing the bias approximation. The numerical
design which includes the bootstrap methodology is presented in section 4.5. The

numerical results and our conclusion are in section 4.6 and section 4.7 respectively.

4.2 The Model

The complete system is presented in Chapter 2.2, with innovation errors and p lagged-
dependent and ¢ lagged strongly exogenous explanatory variables. The exogenous
variables are with I(0) process. The first equation of the reduced form system in

equation (2.2) is given by:

= zp: LiY’yii) + Zq: LjXﬂj) + w11, (4.1)
i=1 §=0
where v is the first column of V', v1 ~ N(0,7). y; is a T x 1 vector and the observations
on the regressors are contained in a T'x (P4 Q) matrix Z = [R: S]. P=%%_, p(m) and
Q= Zle q(n). Here the T'x P matrix R includes all the stochastic lagged dependent
variables, and T x () matrix S includes all the other regressors.

In what follows we shall rewrite equation (4.1) as:

Y1 =Zog +wivt, (4.2)

1 (0 (q)

, ‘
where a; = (7:%1 , Y , T 4.y ) are the reduced form parameters.
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4.3 Reduced Form Estimation: OLS bias

The OLS estimator of «; in equation (4.2) is given by:

ap = (ZIZ)_IZ/yl =1+ (Z/Z)‘lZ/wlvl (4,3)

=+ (2 2) 7 w.

Corollary 1. X s 1(0) which implies that (i)X/X =0O(T); (ZZ)Z/Z =O0(T);

(ii0)Z Z = Op(T); (i) E(Z 61) =0 and Zv61=0,(T"?); (v)E(Z
O, (T1/?).

U~1) =0 and Z/UH =

To find a bias approximation to order 7~!, upon substituting equation (2.4), we

start from:
/ / / ’ —1
(Z22)' =[R2 2)+Z Z2-E(Z Z)] (4.4)
= [H* 7+ Z' W+ W Z 4 W W+ —E(W W)L
- - -~ ~ -1
= H*[I+(Z'W*+W¥ Z) H* + (W W* —E(W+*W=)) H*|
where

H*Y=E(Z 2)=Z Z+EW~W*).

The stochastic term inside the inverse term of equation (4.4) are of stochastic order
of T~1/2, then

2" = Z v+ W+ (4.5)

and each term on the right hand side of equation (4.5) is Op(Tl/ 2). Expanding equation
(4.4) and keeping terms up to O,(T 1), then substituting the expanding form and

equation (4.5) into equation (4.3), yields the following expansion of the estimator of



58 Bias Approximation and Reduction in the pth -order Dynamic Reduced Form

1.

d—ony = H* [I+(ZW*+ W Z) H* + (W W* —E(W*W*)) H"| 46
x (Z'o1+ W)
= H*Z 0+ H*W* o, — H*Z W*H*Z o,
—H'W¥ZH*Z o, — H*Z W*H*W* i,
— HWY ZH W 5y — H* (W W* —E(WY W) H* Z 5

— H* (W*/W* _ E(W*/W*)) H*W*/{}l —I— Op(T_l)-

Taking expectations of each term above leads to the following:
Theorem 3. The bias of the OLS estimator of the first reduced form equation to order

T is given by

- Of .
E(éd1—an)=—-H"="Q1—H* Q1 +o(T™h), (4.7)
0
where
! ~ A _1
_,_ P p T-1 v.J QJ_U. 0
H =772+ S (r—p| T ,
i=1j=1t=ij 0 0
p T—-1 , /
==Y Y A (S0 0)

1=1 t=1

/ — =/ — G u
A =ZD'ZH*+tr(Z D'ZH")Iprq,  where P=Y p(m),Q=Y" q(n)

m=1 n=1
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and Y is a P x P matrix which equals to:

T-1 p T-1 ]

p P . ) o /
O=3"33> > 3 (T8O Q) y U, H +tr { (U], QU H™} 1
=1 t=i |=1 r=1 b=i+ls=t+r

~
I

—_

~~

/
X \Ijth—ia

where recall that in section 2.3, we defined H** = I. éH *I5 as the P x P leading submatrix

I N
of matrix H*, with Iy = F which is a (P + @) x P selection matrix, and {21 is the
0
first column of
~ 1 ~/~
Q=E|=VV]|.
777

A proof of this result is given in Appendix C.1 by evaluating the expectations of
each terms.
Then, the bias approximation can be evaluated straightforwardly once the structure

is known.

4.4 Bias corrected OLS Estimator in Reduced Form

Bias corrected OLS is similar to the C2SLS, and CFLIML in the last two chapters,
via, employing the simulated bias approximation into the OLS estimator.
Definition 1. Given &y y0Ls) as estimated OLS bias approximations

replicates for the coefficient bias

_ (1) (p) (0) (1) (9) . A
A1b(0LS) = (%,b(OLsy ""711,)17(0[,5)’ﬂ-l,b(OLS)’ﬂ-l,b(OLS)’ "o Wl?b(OLS))’ and given &1,0rs

as the OLS estimator of oy, the COLS bias corrected estimator &1 cors s

as follows:

Q1,coLs = Q1,0L8 — Q1 y(OLS)- (4.8)
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To examine how well the COLS works for practical bias correction, a set of Monte

Carlo experiments were conducted and the results are discussed in section 4.6.

4.5 Numerical Experiments Design

4.5.1 Numerical Model

The system was still constructed as in Chapter 2.5 and Chapter 3.2 using a three
equations dynamic simultaneous equations model with four lagged endogenous variables
based on sample sizes 50 and 100 and it’s over-identified. Hence the first equation of

reduced form is the following:

Y1 = 24: L4Y’y§4) + Xq: LjXﬂgj) +wuy, (4.9)

i=1 §=0
where Y = (y1,y2,y3). We analyse the reduced form properties of the general dynamic
simultaneous equations models and in this chapter we only focus on the case when
L=2, X = (x1,x9,23,24,75,%6) , since the over-identification level will not influence
the properties of the reduced form. Each exogenous variable is generated as Gaussian
autoregressive process with mean zero and with an autoregressive coefficient of 0.9,

and they are independent of each other.

Tjt = 0-935]‘(75—1) + Gt Sjt ™~ N(O, 1).
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The coefficient matrices of reduced form based on the structural form coeflicients

set up in Chapter 2.5 are as follows:

1Y —0.2093  0.0192
T =—AaWB= = |\ 00211 —0.0777],
wY —0.0141 —0.0979

A2 _0.2374 —0.1360
I = —APB~ = |4 02951 0.0306 |,
A2 02142 —0.0251

A 01637 —0.0725
P& = AR = |0 01253 —0.1402| .
A3 _0.0581  0.0154

A _0.0808 —0.0603
P = —AWB~ = |, 00061 —0.0826 .
AV 0.0593  0.0479

and for,

11 21 731 41 751 761 71
, II'=1-0.1949 —0.1191 0.0992 —0.0830 0.0266 —0.0161 0.0921
—0.1382 —0.0384 0.0320 0.0628 —0.0201 0.0014 —0.0083
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The coefficients we are interested in from the first equation are:

AV —o0arma, A =00258, AV =—01177, 4P =0.0454, 2 =0.1626,
A = 00768, ¥ =—0.0397, Y =02487, A =0.3400, P =0.0371,
A —01751, ALY =0.1584.

When L =2,

™1 = —0.0806, 71 = 0.1697, 731 = —0.1414 41 = 0.1482, 51 = —0.0474,
w1 = —0.0249, w71 =0.142.
We use a matrix P from a Choleski factorosation of the reduced form covariance 2

to generate the reduced form errors. Hence,

U1t €1t

Doy =P |éay

03 ¢ €3.¢
where €14, €24 and €3 denote the standardised disturbances. The distribution of the
rows of U always have mean 0 and covariance matrix ¥, and they are i.i.d. U is the

structural form disturbances. Then, the distribution of the structural disturbances can

be evaluated from
Boy=iy =i, ~N(0,%), where ¥ =DBQB.

We arbitrarily set the structural covariance matrix is as follows:

0.3524 0.3448 0.3112
Y =10.3448 0.3668 0.2984 (4.10)
0.3112 0.2984 0.4064
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from which the reduced form covariance is:

0.0055 0.0054 0.0030
Q=10.0054 0.0844 0.0085] - (4.11)
0.0030 0.0085 0.0069

The setting up of initial values is exactly the same as in our Chapter 2 and 3.

4.5.2 The Simulation Model

The number of Monte Carlo replications is 20,000, and 199 bootstrap replicates are
used when achieving the bias corrected bootstrap.

Bootstrap

Based on Freedman (1984), Ip (1991) provides support for the asymptotic validity
of the 2SLS bootstrap in static and dynamic models where errors are normal, and
MacKinnon (2002) conducted hypothesis testing in a static model which also supports
the asymptotic validity of the 2SLS bootstrap.

With the standard residual bootstrap, the bias corrected bootstrap estimators are
calculated by first estimating the equation of interest using the original estimation
method, and then by using this to generate pseudo-date (B sets ) by resampling the
residual from the initial estimated equation. Bootstrap replicates are obtained by
implementing the original estimation method on each of B sets. The bias corrected
bootstrap estimate of a; can be calculated as 2, —07175, where a7 is the original
estimate, and 071’5 is the mean of the bootstrap replicates.

Freedman’s bootstrap contains the same steps as the usual residual bootstrap |,

except for the generation of the pseudo data.
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The target equation is :

Y = iy‘w{“ + EJ:LJ'XWP + 1. (4.12)
i=1 j=0

To set up bootstrap procedure for the above reduced form, we generate the y; =
(y11,y12---y17) , and the initial value y(/) , Ly(/), LQy(/), L3y(l) which are obtained in Chapter
2, then by using OLS estimator, obtain &; and 91 = (91,...,97)". Then the re-sampling
data y} = (yi1, vl vip) and Y§ , LYy, L?Yy, L3Yy are generated recursively as
=%, LiY*‘yy) + Z?:o LjXﬂj) + 0%, where we resample the 91 in equation (4.12)
to generate 07.

In each bootstrap replication, y is regressed on [LY™* : L2Y* : L3Y™* : L*Y* : X] to
get the bootstrapped estimates &7 , then the bias corrected bootstrap estimates are
given by the definition 2:

Definition 2. Given 0?1’5 as the mean of the bootstrap OLS replicates for the coeffi-
cient o € (7(1),7(2),7(3),7(4),7r1), and given &1 ors as the OLS estimator of a1, the

bootstrap bias corrected estimator & is as follows:

. . . L _1&
a1 p = 201,008 — & 3, where Gy = 5 Z aq .
b=1

4.6 Numerical Results

The numerical results of OLS, COLS, and residual bootstrap OLS are summarized in
Appendix. C.2 from Table C.1 to Table C.2. Table C.1 shows the bias approximation,
the OLS bias, the COLS bias, and the bootstrap bias when the sample size is 50 and
100 respectively. Table C.2 presents the MSE of these estimators. 7{; to 74, are the

coefficients of lagged endogenous variables of the first reduced form equation. 7y is
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the constant team, and w91 to c7; are the parameters of exogenous variables in the
reduced form.

In Table C.1 most of the bias approximations actually provide an overstated
indication of the magnitude of the "true" bias as given by the Monte Carlo estimates
in OLS, but this over-stating is not likely to be substantial. When the sample size
increases, the bias approximation and OLS bias drop sharply. Both corrected OLS, and
residual bootstrap OLS effectively reduce the bias in the relevant uncorrected method,
especially for the lagged dependent variables. For instance, the first order dependent
variable, 74, = 0.0258, while the OLS bias and bias approximation is —0.0375(—145%),
and —0.0387(150%) respectively. When we apply the bias corrected method on the
OLS, the bias drop sharply; in the COLS case, the bias reduces from 145% to 16%, and
in the bootstrap case, the the bias decreases from 145% to 47%. In Table C.1, the COLS
presents less biased estimates compared with the bootstrap method; however, this
advantage is not that obvious in some estimated coefficients. For example, for 73;, these
two correction methods reduce the bias from —4% to —2%. OLS itself gives an almost
unbiased estimates for the exogenous variables, hence in this case, the bias correction
is not that necessary to employ into the correction. For example, 51 = —0.0474, the
OLS bias is 0.0005(+1%) which gives an almost unbiased estimate; certainly the bias
approximation in this case is also close to zero (0.0009(+2%)). When sample size
increases to 100, many coefficients of lagged endogenous variables actually present
almost unbiased properties, so in these cases, the bias advantage of the correction
method is not so obvious; however, nearly half of the estimated coefficients are far
away from the actual values. The properties of the constant term among these three
estimators are similar to those for the lagged endogenous variables.

Table C.2 presents the mean squared errors for these three estimators where it

is seen that when sample size increases, MSE decreases. Surprisingly, the results
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are unlike the results in Chapter 2 and Chapter 3, since the three estimators have
almost the same level of MSEs. Meanwhile, the MSE in the case of COLS is slightly
smaller than in the other two cases which is similar as in Chapter 2 and Chapter 3. As
reported in Table C.1, OLS gives almost unbiased estimates for the exogenous variable
coefficients, while the MSE of them are close to zero. However, it is not the case for the
constant term, which is 0.0053 for OLS , 0.0051 for COLS, 0.0049 for bootstrap OLS
when sample size is 50, and 0.0016 for OLS , 0.0015 for COLS, 0.0015 for bootstrap

OLS when sample size is 100.

4.7 Conclusion

The O(T~1) bias approximation in the OLS estimation of a pth order dynamic reduced
form is presented in our analytic analysis part. The ordinary least squares bias can
be substantial in dynamic reduced form equations based on both simulations and
numerical results, which has also been observed in Kiviet, Phillips, and Schipp (1999).

Analytically, the bias corrected estimator, based upon an O(T~!) approximation,
very substantially reduces the OLS bias. The residual bootstrap procedure in OLS
also effectively reduces the bias. However, from the results, it is obvious that using
the O(T 1) bias approximation is more effective in bias reduction compared to the
bootstrap method. The MSEs, in these three cases, are almost at the same level; in
other words, these two bias correction methods do not lead to an increasing of the MSEs.
Hence, the bias corrected estimator, COLS, based upon the O(T~!) bias correction
can be recommended as a bias reduction technique for the p lagged dependent variable
reduced form. Alternatively, the non-parametric bootstrap is also a way to reduce the

bias and may be considered especially if the computer cost is of importance.



Chapter 5

Summary of the Conclusions

The asymptotic distributions of estimates and test statistics play more and more
important roles in the development of econometric theory. However, knowledge of their
finite sample properties is limited in many cases. Based on the asymptotic properties
of estimators and test statistic, inference may not be reliable for small samples or even
moderately large samples. Hence, it is worthwhile to explore the relevant properties
when the sample size is small; furthermore, it is important to derive the analytical
results at the most general level possible, which can help us understand the quality
of inference in practice. This thesis analyses the limited information estimators in
general dynamic simultaneous equation models which will extend our knowledge of the
small sample properties of estimators in this area of econometrics and which will be
of benefit to economists in estimating economic models under the linear DSEM when
sample size is small.

In this thesis, a standard system is introduced which contains normally and inde-
pendently distributed structural disturbances with mean vector 0 and fixed covariance
matrix ¥ = (0y;), and strictly exogenous I(0) regressors . This general dynamic si-
multaneous equations model includes endogenous variables which are lagged p time

periods, and exogenous variables which are lagged ¢ time period. Based on this general
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DSEM, we explore the properties of the two most popular estimators in the linear
SEM, that is the 2SLS and FLIML estimators, in the small sample environment. In
the pth order reduced form model which comes from the general DSEM, we analyse
the behaviour of the classical estimator, the ordinary least squares estimator, when the
sample size is small. The bias corrected estimators are constructed by subtracting the
estimated bias approximations from the corresponding estimators. We also conducted
Monte Carlo experiments to compare the performance of corrected and uncorrected
estimators. The three equations model which was employed includes four lagged
dependent variables, normally distributed innovation errors, and I(0) strong regressors.
The over-identification level of this model is set up as 2, 4, and 6, and the model
is stable. An alternative estimation procedure, a numerical bias correction method
known as the residual bootstrap, is also introduced and applied to 2SLS and FLIML
estimators.

Chapter 2 examines the small sample properties of 2SLS in the general DSEM. We
analytically derived the bias approximation of 2SLS to order T~! by using the Nagar
expansion method, and showed that the bias approximation has a simultaneity part
and a dynamic part (Kiviet, Phillips, and Schipp (1999), Kiviet and Phillips (1993)
and Phillips(2011)). Then, the bias corrected method is constructed by estimating
the approximating bias and subtracting this bias estimate from the corresponding
estimators. Theoretically, it could reduce bias to order 7.

Numerical results show that the bias that comes from the dynamic part has an
opposite sign compared to the bias that comes from the simultaneity part which
indicates that the bias correction method which effectively reduces the bias in the static
case may not do the same in the dynamic case. The bias corrected estimator, based

upon the O(T~1) approximation, very substantially reduces the 2SLS bias. It does not
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inflate the MSE in the most cases. Hence, the bias corrected estimator, based upon
the O(T~!) bias approximation can be recommended as a bias reduction technique.

The bootstrap simulation results in this paper provide evidence for an alternative
bias correction technique; it is shown to perform particularly well at bias correction.
The bias correction is not as effective as with C2SLS, but the computing cost is less.
The Bootstrap also reduced both standard error and MSE in 2SLS for both endogenous
and exogenous variable coefficients when L is large.

A comparison between 2SLS and FLIML estimators is made in Chapter 3. We
derive the bias approximation for the FLIML estimator to order 77!, and separate it
into two parts, one part representing the bias as in 2SLS, and the other part which we
call it the extra term is an additional term compared to the 2SLS bias approximation.
Comparing these two parts analytically, the results show that the FLIML estimator
gives much less biased estimates than 2SLS ; hence this extra term has a sign opposite
to the part which represents the 2SLS bias approximation. As a result the O(T1)
simultaneity bias is removed completely and the dynamic bias partially. To remove the
O(T~1) dynamic part bias completely from the FLIML, the corrected FLIML, CFLIML,
is conducted by subtracting this bias estimate from the corresponding estimators.

Numerical results show that the bias in FLIML is smller than the 2SLS bias. The
mean squared errors of endogenous and exogenous variables’ coefficients in FLIML are
also smaller than in 2SLS. However, the MSEs for some dynamic coefficient estimates
are found to increase in FLIML.

The bias corrected estimator, based upon the O(7~1) approximation, very substan-
tially reduces the 2SLS/FLIML bias. Moreover, it does not inflate the MSE. Hence,
the bias corrected estimator, based upon the O(T~!) can be recommended as a bias

reduction technique for either estimator.
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In Chapter 4, we move to the pth order reduced form which is transformed from the
general DSEM. To estimate the single equation model, OLS is the classical estimator.
Analytically, we present the bias approximation of OLS using a large-T approximation
and our corrected OLS gives unbiased estimation to order 7-! by subtracting this bias
estimate from the corresponding estimators. The ordinary least squares bias can be
substantial in dynamic reduced form equations as indicated by both simulations and
numerical results which has also been shown in Kiviet, Phillips, and Schipp (1999).

Numerically, the bias corrected estimator, based upon the O(7~1) approximation,
very substantially reduces the Monte Carlo OLS bias. From the results however, it
is shown that OLS itself may give almost unbiased estimates of the coefficients of
the exogenous regressors which implies that the bias correction is not necessary for
these estimated coefficients. The residual bootstrap procedure in OLS also effectively
reduces the bias. However, from the results it is obvious that employing the O(T~!)
bias approximation is more effective in bias reduction compared to the bootstrap
method. Surprisingly, the MSEs in these three cases, are almost at the same level; in
other words, these two bias correction methods do not lead to an increase of the MSE.
Hence, the O(T~!) bias corrected estimator, COLS, can be recommended as a bias
reduction technique in the pth lagged dependent variables reduced form. Alternatively,
the non-parametric bootstrap is also a way to reduce the bias if the computer cost is
the consideration.

Notice that the bias approximation provides an overstated indication of magnitude
of the "true" bias as given by the Monte Carlo estimates in all these three estimators.
In these three chapters, we have not considered the moments existence problem in the
dynamic models. We all know these three estimators do not have a moments problem
in the static case from our discussion in each chapter and in this thesis we assume

there is no moments problem in the dynamic case either.
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In this thesis, we numerically and analytically derive some results for limited
information estimators in the general DSEM. However, there are still many ways in
which further research could extend our current findings. As shown above, exploring
the conditions for the existence of moments in the FLIML would be particularly
interesting; however investigating the properties of inference procedures based on these
three estimators of the general DSEM would be an obvious next step.

Our model is based on normally distributed innovation errors. If this assumption
is relaxed to include other distributions including asymmetry, how might the results
compare with the current results? Is the bias correction method based on the bias
approximation still reliable? What the effect would be if the instruments are weak
instruments is also interesting to explore. The small sample properties of estimators in
panel data models is the another interesting direction to explore. We are also interested
in applying our results in applications of economic and financial models to test to what

extent our methods can improve estimation in practice.
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Appendix for Chapter 2

A.1 The Evaluation for Theorem 1

A.1.1 Lemmas

The following lemmas will be used in later evaluations for Theorem 1 in section 2.6.

Lemma 1: The expectation of a product of three normal ( means of

zero) random variables is zero. i.e

E(EAVB®) =0

where =, ¥, and ® are three normal ( means of zero) random variables.

Lemma 2: (Z/2) " = [B(Z'2)] ' +0,(T2),
where Z =[R: 5] = [LY, L2Y..LPY : X,LX,LQX...LCIX} .
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Proof:
2'7=R(Z'2)+(Z2'Z -KE(Z'Z))
—E(Z'2) {I + |[E(2'2)] ! (Z’Z—E(Z’Z))] .
(Z'2)"' = [I+ E(2'2)| (22 —E(Z’Z))} - (E(Z'2))"
where,

1+ B2z 2z-Ez2)| = |1-[EE2) 2252 2)] 0T,

Hence,

(Z'2)~' = [1 - [E(Z'2)] 77— E(Z’Z))} (1[-«:(2’2))_1 + 0, (T73/2)
—[E(22)] - [E(Z2)]  (22-E2'2))[E(Z'2)] " +o,(T7%?)

— [E(Z'2)] " + 0,17,

Lemma 3: Based on Nagar (1959)’s decomposition, the reduced form
disturbances can be decomposed as V = S*+ﬁ1¢/, where #; and S* are

normally distributed but independent, ¢o? =E (%\7&1).

E(S*AS*) = tr(CiA).I,
E(S* AS) = tr(A).IC],
E(S*AS*) = A'C3,

E(S* AS*) = C3 A,

. . . / . .
where A is a corresponding and constant matrix, C§ = Q —o02¢¢ , 2 is the covariance

matrix of V.
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Lemma 4: Mikhail (1972) Suppose also that U, V, W and X are matrices,
with the same number of rows, whose elements are normally distributed
random variables with the properties that if ¢,; and ¥,; are elements of any

of these matrices

E(¢,i V) =0, r#s

= wy V5, r=s

and denote the matrix whose elements are w,V;; by Q4¢ for ¢, V=U, V, W
and X.

Suppose also that A, B and C' are constant matrices of such dimensions
that the various products considered below exist, then:

1. EUAVBWCOX) = A'QuyBC' Qg + B' Qi tr(Quy CA') + C'Quyy BA' Qs

2. E(UAVBWCX) = QuyBC' Qg tr(A) + Quuy C A’ B' Qg + Qe tr(AB' Q4 C),
E(UAV'BWCX) = BC'Quutr(QuyA’) + B'C'Quyy AQuz + C' Quuy A’ Quutr( B),

-~ W

E(UAVBW'CX) = A'QuyBQuatr(C) + CA' Qo B' Qe + C' A'Qyutr (B,

E(U'AVBW'CX) = Qyuyp BQuya tr(C)tr(A) + Quuw B' Quatr (ACT) + Quatr (AC)tr (B Quu ),

(
(
(
(
E(U'AV'BWCX) = QuyA' BC' Qg + QuwC BAQz + Quatr (AQue O)tr(B),
(
E(UAV' BW'CX) = BQyatr(A'Qup ) trC + C By Ay + C' By A' Qi
(

© N o o

E(U'AV'BW'CX) = Quy A BQutr (C) + Qo B'C! AQuy + Quatr (AQuu B'C).

A.1.2 Evaluating the Expectations

From equation 2.14

E(0y— 1) = E{H Ty + HA iy + HAyiiy — HJTHY iy — HJFH gty } +o(T7),
(A1)
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evaluating the expectation for each term.

The first term,

(i)  E{HYi}=HYE{#}=0. (A.2)

The second term,
(i)  E{HALi} = HE{A}i}.
Recalling equation 2.10 for the definition of A, we have:

HAYin=H (Z(Z 2)7' 2 [Va:0: 01+ [RI(Z' 2) ' Z'V3:0:0)]) @
= HANV' Z(B(Z' 2))" 7 ay + HN*V Z(R(Z 2)) LR iy

+HNY VW (B(Z 2) 7 Z i+ HNY V' WHE(Z 2)) " R uy + 0,(T™Y)

where, V3 is the T x g submatrix of matrix V, which can be expressed as [\72 :0:0] =

- |{g:0 I;:0
Vv , and we define A™ = which is with G x (g + P* + Q*) dimension
0 0

selection matrix. Also by using Lemma 2,

L=z T = B2 2} 2V (B(Z 21 W T+ 0, (T71?)




A.1 The Evaluation for Theorem 1 83

— (2 2)7 2V = BE(Z 2)) 2 Vo (B2 21 WV op(T7112),

and
[Va:0:0]=VA*™,
Taking expectation, the last two terms are zero, then this gives

E{HA i} =HA"E{ Z(E(Z Z)) 7'} (A.3)

v
+HAE{V'W ) LRy} +o(T7h).

The first term can be expressed as:

(1)

HAYE{V' 2(8(Z' 2)) Z'in} = HNYE{(S* +in¢) Z(E(Z 2)) 7 Z i}

= H@r{Z(E(Z 2))"*Z A*'}.1)(0%9).

The second term can be evaluated as:

(2)

HAYE{V' W (E(Z' 2)) " R u }
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Note:
1. Recalling equation 2.5 in Chapter 2, W* = Zle Egﬂz—il th/c]tiiqj; -0, and R—
SRS Dl DL VeV A 8

HA**’E{V’W*(E(Z’Z))—112R’u1}

’ p T-1 p T-1 ~ ,
= HA* E{ (S +id) | S % DV I 000 T LY > vl VID? al}
=1 t=1 7=1s=j

N

e

Z (¢ D'in ! Jy_ i WiIH[E(Z' Z2)) 7 Lo W0, s DV iy }

?

]_ .

{6, D' S* J, Vi [E(Z' Z)] " 15V, ;8™ D i |

i=1t=t j =

p T-1

i=1t=t j =
T-1

Ls=j
T-1
Ls=j
T-1
Ls=j
T-1

{
E{S*D'S*Jy ;W I5[E(Z'2)] " [y¥;.J,_ iy D i }
E{s

Db SV [E(Z' Z)) W LS DS’al}

Note:

1. The last step is obtained by using Lemma 4.

Combining these two terms together, the result for equation (A.3) is

E{HAji} (A4
— H(tr{Z(B(Z' 2))" 7 A Y1) (020)

+ (T =) HA™ ¢otr { QI W [B(Z Z2)) 7 oW 0} +o(T7Y).
The third term in equation A.1 is:

(i)  E{HAyiy} = HE(Ayiy) = 0. (A.5)
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Recalling equation 2.10 for the definition of Ay, then clearly E{ﬁ/ﬂl} =0.

The fourth term of equation A.1 is:

()  —B{HJHY @1} = —E{H[(AyAs —E(AgA0))+ (T A1+ A1 T) + (T Ay
+A;T)+(A;A2+A;A1)]HT/I~L1}
_, | P — ata 4 s )
= —E{HY | LV -1+ S pix ) — )
i=1 j=1
p . . _,
+> L gz)):O:()}HTﬂl}
=1
o . q .
—ELH Y Lv(EY -+ S pix @l - o)
i=1 j=1
p e : /- —/
+ Z] Lw @y -ty 0:0THY al}
i=1
_—/ p .~ / p .~ / — —/
—E{H YT Y L'Wer+ ¢ (ZLWV) Y| HY
=1 1=1
WA
~E{H | LV () - +ZLJX —11%)
Le=1 7=1
p A . ' p e . N _,
+>S LWl -1y o0 0] [Z wrl: Ry : 0] HY
1=1 =1
i=1
q . A~ . . p o~ A~ . 12
+ZLJX(H§—H§)+ZLZW(F§Z) riy:0:0| HY o
j=1 =1
+o(T7H),

where the definition of A; and Ay is from equation 2.10, and the expression of J{ is in

the footnote 1 in section 2.3.
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By using the expression

= (Z2)' 2 Vy = (B{Z 2}) "' Z Vo + (B{Z Z}) "' W* Vy+ 0, (T/?)

— 1,(Z 2)7 2 Vo =Iy(B{Z 2}) " Z Vo + IL(B{Z 2}) "W T

+ Op(Til/Q)
and
[Va:0:0] = VA,
the above (iv) expression can be written as:

—E{HY Z[E(Z 2)| ' Z VA*HY @} —E{HY RI[E(Z' Z)]""W* VA*HY i}
—E{HA™V Z[E(Z'2) ' Z THY i | — E{HA™ V' W [E(Z'2)) " LR THY i}
—E{HY RCHY i} —E{HC* R YHY @}

—E{HA*'VW*(E(Z 2))'Z ROHY i} —E{HA*'V Z(E(Z Z)) LR ROHY iy}

—E{HC'R Z(B(Z 2))"'"W*VA*HY @} —E{HC 'R RI}(E(Z' 2)) ' Z VA HY 1 }.
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Using R (R = Zle ZtT:_il DtVJt\I/;, and W* [Zle Z:{:—il th/Jt\If; : O] from equation

2.5, and the decomposition of V, V = §* —H]lgzﬁ/, then (iv) can be obtained from the

sum of (1) — (8) below:

(1)
—E{HY Z[E(Z 2)| ' Z VA*HY @} = ~E{HY Z[E(Z 2)]*Z itn¢ A" HY 1}
(A.6)
= —HY Z[E(Z 2)] 7 Z TH A (629).
(2)
(A7)

—E{HY RL[E(Z'Z)| 'F*VA*HY i}
P -1 ~ ’ s Zp— ZT—_‘l‘II'J/_'V/Dtl ~ —7
—ELHY' S S DV, L[R(Z Z)) 7 | T e VA*HY iy
0

1=1 t=1

For the moment, we shall focus on the the following equation (Moving the summations

and first three fixed terms H, T/, and D! outside of expectation symbol):

v, VDY
VA™HY @ (A.8)

BV J iU, [E(Z'Z)] !
0

= E{t1¢ J1—V; L[E(Z'2)) " 15V, J,_ ;60 D¥ 116 A HY iy}
+E{S* iV L[E(Z' 2)) oW, ;S DY i ¢ A HY i}
+E{i1¢ SV L[E(Z'2) ;0,8 DY S AT HY )

+E{S* i W L[E(Z' 2)) oW, iy DY S*A* HY i1},

Then equation (A.8) will be calculated from (a) — (d) below:
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(a)

E{fb1¢/<]t—i‘1’;1;[E(Z/Z)]_112%’J;_jsﬁﬂ;Ds/ﬂ@//\**HT/m}
SO AW / rt / 1 \I/]JS_] s
=E{ i, TH N ¢ Jy—iV; H[E(Z'Z))] Py D 1y
0
= o} (tr(D¥ )+ D+ D¥ )T H N** 66 Jos W, LIE(Z' Z)| " 12V, T,

= o1 (D + DS/)THIA**IQW/ Jt—i\y;‘]; [E(Z'Z)] " 1V, J;—j¢'

Using Lemma 4.

(b)

E{S*Ji W 1L [E(Z'2)| ' b 0,_;S* D ¢ A HY iy }
* "t / -1 \IjjJS—j ' s’ ~ AR A s
—E{S*J,_V,L[E(Z' Z)] S* D% i, YH A™ ¢
0

= oA {C IV L[E(Z' Z2)) " W, ],y DY TH A ¢

= o {(Q— ¢ 0°) J— W L[E(Z' Z)] " V0, }D¥ TH A 6.

Using Lemma 3, E{S*AS* } = tr{C5 A}1.

()

E{t1¢ Ji—iV; L[E(Z'2)) " 120, J,_;S* D¥ S*N“HY @}

!

\Il J 4 / /
TN LIE(Z'Z) T 0

0

—E{ i, YH A §¥ D55

= PTHNYE(SY DY ) Iy W, L[E(Z' 2)) 0,6

= PTHN tr{D*}C3 Jo— U, L[E(Z' Z)] " Lo Jy_ W6 = 0.
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Using Lemma 3, E{S*/AS*} =tr{A}C5.

(d)

E{S* Ji— iV L[E(Z'Z)| W J,_ ¢y DY S*A™HY 1}

= E{D%1¢ Js_j VU, LIE(Z'Z)| 1V J,_,Cs N HY iy},

Using the definition of S* and u;: S* and @ are independent, and Lemma 3 that
E{S*AS*} = A'C}.

Then, we have:

E{D*t1¢ Jo—j U, L[E(Z'Z)| " IyW;J,_;C5A™ HY iy}
= E{D*u @, TH A C3 J1— VW, L[E(Z' 2)) " 1 W, J,_ ¢}
= DT HN™ C3 oW, LE(Z' 2))  1W 0,6
= 2D THA™ QI W L[E(Z' 2)) T, 6

— 2D THA™ 66 J1_ iV L[E(Z' Z)] LV, .
Putting (a) — (d) together, we have:

v;J,_ V' D¥

E{ VJ,_U,L[E(Z' Z)] ! VA™HY iy

0
= o2D¥ THA™ dtr{ QW L[E(Z' 2)| b, )

+ 2D YHAY QU L[E(Z' 2)) 19,0, .
Then, equation A.7 becomes:

—E{HY RLIE(Z'Z)| ' F*VA*HY i} (A.9)
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T—
zpj D DY T Htr {Q [ Jo_j W) - O] [B(Z'2)] 7 I Wi J;_ } A (0%9)
1 t=t j=1 s=j

—_

D D*YHAN™ QW L[E(Z' Z)] W0, (029).

(3)
—E{HA*V Z[E(Z'2)| ' Z YHY iy} (A.10)
= —E{HAN* 0, Z|E(Z'Z)] *THY @1}
= —HA™ ¢o*tr{Z[E(Z'Z)) 'Y HY }
= —Htr{Z[E(Z'Z)] " THY I (029).
(4)
—E{HA*VW*E(Z'Z) ' LETHY i} (A.11)
p T-1 p T-1 .,
— —E{ HAYV S Y. DIV 0 0 N LY S g, V' DYTHY @
=1 t=1 Jj=1s=j
Here:

E{V' D'V WL, [E(Z'2)] " W7, V' D THY i |
= E{60, D't ¢ SV, L[ E(Z'Z)) " 1yW;J,_ ;i D¥ THY iy}
+E{¢iy D' S Jy_ iV L[E(Z' Z)] " yv;d,_;S DY THY iy}
+E{S' D'a1¢ Ji— iV L[E(Z' 2)) " 1oV, J,_ ;S DY THY 1)}
+E{S' D'SJ,_ W, L[E(Z'2)) 1oV, J,_ 6 D THY 1}

=000 SV L[E(Z'2)) " 1V, J,_tr{(D'+ D' )D* THY'}

} |
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+ o2 { QG L[E(Z' Z) T W,y r{D'D¥ THT }¢
— o {9 iV i BIE(Z'Z) LV, d,_yr{D'D* THT }¢
+ o2t {D'TYHY D*YQ sV, L[E(Z' Z)) " v Jy_i
— ot {D'THY D*}o¢ Jo_j W LIE(Z'Z)] 1oV d,_i¢
+0

= S { QU L[E(Z'2) b d, e {D'DY THY }¢

+ o2t {D'THY D*YQJ, W L[E(Z' 2)) [0 d,_ .

Using Lemma 3.

The final expression for equation (A.11) is :

—E{HA*'VW*E(Z' Z) ' LEYHY i} (A.12)
p T-1 T—1

_ AT Y Y Y (tr{Q W L[E(Z' 2)] W, J,_}.T)

1=1 t=t j=1 s=j

x (tr{D'D¥ THY }.I)A** (62¢)
p T-1 p T-1

~HA Y ST Y QU BIE(Z'Z)) V(i {D'THY D*} 1) (0%6).
i=1 t=i j=1s=j

(5)
~E{HT RC*HT i} (A.13)

i=1 t=i =1 t=i

2P -1 / iy — -1 / ’ iy
= F {HT > > D'SJ_;U,C*HY ?11} —E {HT > > Dang J—iW,C*HY al}

P -1 ’— ’ ’
=-E{HY > > D'uyya,YH C*V;J,_;¢

i=1 t=1
P T-1 — / /
=—HY > Y D'TH C* V;J,_i(c°9).
i=1 t=1
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(6)
p T-1
{HC* RYHY i} =-E {HC’* S S W, V' DYTHY ul} (A.14)
=1 t=t
p T-1
E{HZ C* Wi,y D' THY ul}
i=1 t=t
T-1
—HY. S ¢, (tr{Y DY THY}.I)(0¢).
1=1 t=¢
(7)

—E{HA*'V W*(E(Z 2))"'Z RC*HY i} —~B{HA*'V' Z(E(Z 2)) ' I,R RC*HY iy}

(A.15)
p T-1 p T—
HA VS ST DIV 05 - 0] (B( ZZD VI jW,C*HY @y
=1 t=1 j=1s=j3
L / p T—1 "p 11 ) »
—E{HAY V' Z(E(Z 2) " [ Y3 D'V I, 0, Z > DV I U;CTHT iy g
=1 r=Il : s=)

This is calculated in two parts (7a) and (7b):

(7a )

E{V'[D'V J_iW; : 0)(E(Z 2))"'Z D*V J,_;W,C*HY @}
= E{¢iy D'ind Jr— VL (E(Z Z)) " Z D*undp J,_;0;C*HY ir}
+E{¢t, D'S iV I,(E(Z 7)) ' Z D*SJs_j0,C*HY iy}
+E{S' D S ),V I,(E(Z 2)) 7 Z D*uné Jo_V;C*HY iy}
+E{S' D'a1¢ Ji_V;I,(E(Z 2)) 1 Z D*SJ,_jU,C*HY @}
= g0l tr{(D' + DV )D* Z(B(Z 2)) ' 1V, J;_i6¢) Jy—jW;C*HY'}

+02tr{D'D¥ Z(E(Z 2)) ' b, J,_QJs_;V;C*HT'}
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—olotr{D'D¥ Z(B(Z' 2)) ' bV J,_i6¢ Js_jV,C*HY '}

+0

+o?QUDITHC ;0. ) DY Z(B(Z 2)) ' LW, J,_i¢

—olo¢ (D'THC™ W, J,_) DY Z(B(Z 2)) ' 1yWid,_i¢
= (tr{D'D* Z(E(Z 2)) " IyW;J,_;QJ_jW;cHY }.1)(029)

+ QI V,CHY DY DY Z(B(Z 2)) ' b V,d,_i(0%9).

Using Lemma 3.

The final expression of the first part of equation (A.15) can be written as:

—E{HA*'V'W*(E(Z 2))"'Z RC*HY 1} (A.16)
-1 p T— _ / ’ / —/ /
-3 Z 3 Z H(tr{D'D" Z(E(Z Z2) Wi, QI U,CFHY Y.I)AY (0%9)
=1 t=1 ]:1 =)

'4 - _ / /
Z 3 Z HA™ QT ]\1/ C*HY D' D% Z(E(Z 2)) ' U, J,_,(620).
=1t =J

1 j=1s

(7)

E{V Z(E(Z 7))~ Izwr VD" DV JoU,CFHT )
~E{¢uy W,y fuy DY D ung Jo 50T HY iy |
—E{ou, qu/lj;_ls’DT’DSSJS_j\IJ;C*HT’al}
~E{8'Z LW, puy DY DS U0 HY i |

= —E{S/Z(E(Z 7))~ 12\1/1J;_ZS’DT'DSulqs’Js_j\If;O*HT’al}

= —o0*tr {2(B(Z 2)) " [y WyJ,_ ;0 HY }ir { D7 D*}

— QU V,CTHY D DPZ(B(Z 2)) " W d,_ g0

—QJ, UI(E(Z 2)) 2 DY DS THCY U0, 0.
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The final expression of the second part of equation (A.15) can be written as:

—E{HA*'V'Z(E(Z 2)) ' LR RC*HY i1} (A.17)
p p IT-1 _ / ’ / —
=—HY. > S (T—r)(tr{Z(E(Z 2)) " 1291, Q] ¥, C*HY }.1) 0
I=1j=1r=1j

pT-1p T-1 / iy / _ / ’
—HA*SY NSNS QI U, CTHY DT DY Z(B(Z Z)) 0, do”

=1 r=l j=1 s=j

p T-1 p T—-1 , ., ,
—HA*S N SN S QL UL(E(Z Z)) ' Z'DT DYYHC* W, J._ 60,

=1 r=l j=1 s=j

(8)

—E{HC* R Z(B(Z' 2)) " "W* VA*HY @} —E{HC* R RI}(E(Z 2)) ' ZVA*HY 1, }.

(A.18)
Equation (A.18) can be written as the sum of two parts (8a ) and (8b):
(8a) (A.19)
_E{HC* R Z(B(Z' 2)) " "W* VA*HY 1}
p IT-1 / I~ — / Zp_ ZT__-l\I/‘Jlf'VIDS,
= —E{HY Y C*wJ, [V DY Z(B(Z z))t | T e
i=1 t=i 0
X VA**HT/ZNH

Here,

~/ /= I \D'J/_' ~/ !~ —/
E{V' D' Z(E(Z 2))' | 77TV D VAT HY @y
0

=E{¢u, D" Z(B(Z 2))" a0, J,_ ;i D" inp A HY iy |
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+E{¢i, D' Z(E(Z 2)) " 1y0;J,_;S DY SN HY iy}
+E{S'D" Z(B(Z 2)) "' ¥, J,_;S DV iy A HY i }
+E{S' D" Z(E(Z 2)) " [y¥; J,_ ;6 D* SN HY iy |
= o'0¢ Jo_jV,,(E(Z 2)) ' Z D'D* THA™ ¢
+oloe N HYDY DY Z(B(Z 7)) ' 10, J,_ ¢
+0
+ 020,V I,(E(Z 2)) ' Z D'DY THA™ ¢
— 60 Jo_ ;W IL(E(Z 2)) "' Z D'D* THA™ ¢
+0* QN HYD® D' Z(E(Z Z)) ' 2], ;6
—o'6¢ N HYD® D' Z(E(Z 7)) 120, J,_ ¢
= OJ, U 1,(E(Z 2)) "' Z D'DY THA™ (0%9)
+QAFHY DY DY Z(B(Z 2)) bV d,_(029).
Using Lemma 3 and 4.
The final result for equation (A.19) is:
—E{HC* R Z(E(Z 2)) " '"W*VA*HY @} (A.20)
-1 -1 / / ’ ’ 15 it ’ — 1 9
=—HY S 3 3 ¢, 0, L(E(Z 2)7 2 DPDT THA (0%9)
i=1 t=i j=1 s=j
pT-1p T-1 , o, , ,
~HY. SN S ¢V QA HYDY DY Z(E(Z 2)) T b,
i=1 t=i j=1 s=j
(8b)
—E{HC* R RL(E(Z 2)) ' Z VA HY i1} (A.21)

p IT-1 ’ PR -1 ~ . ’ 7~ —
__E {HZ STV DS S DV, W I(E(Z 2) 7 2 VA T 0y

=1 t=1 j=15s=j3

} |
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Here,

E{V' D' D*VJ, jW1,(B(Z 2)) ' Z VA HY i }

= E{¢1, D" Dt ¢ Jo—j U, ,(E(Z Z)) ' Z w1 N HY ir}
+E{¢iy D' D*SJs_;V;I,(E(Z 2))" Z SN HY @}
+E{S' D' D*SJ U L,(E(Z 2)) ' 2t A HY i}
+E{S' D' D*u1 Jo_ VU, I,(E(Z 2)) 1 Z SN HY i}

= a%tr{;(Dt'Ds + DY DYYr{THA* ¢ Jy_ ;W 1,(E(Z 2))"' 7}
+ 204(/§tr{;(Dt/D5 + DY DYYTHAN™ ¢ Jy_jV,1,(B(Z 2)) 72
+o2tr{D' D*Z(B(Z 2)) ' bV J,_;QN*HTY'}
—ootr{D' D*Z(B(Z' 2)) ' b J,_ ;66 A HY'}
+02tr{D' DY, V. L(E(Z 2)) " Z THA* ¢
—otr{D' D"Yo¢ Jo_ W I (E(Z 2)) 1 Z THA™
+0?QAHY DY D' Z(B(Z 2)) " 1oV, ], ;6
— oo NHY DY D' Z(B(Z 2)) ' ;0,6

= (tr{D' D*Z(E(Z 2)) ' 1y%; J,_;QA* HT }.I)(02¢)

+ QY I(E(Z 2) 7 Z TH(r (DY D'} 1)A (0%0)

+QAHY D* D'Z(B(Z 2)) ' b J,_;(0%9).

Using Lemma 4.

The final result for equation (A.21) is

_E{HC* R RI,(B(Z' 2)) ' Z VA*HY i} (A.22)

pT-1p T-1 , , _ / / —
=—HY Y S > C*VJ,_(tr{D" D*Z(E(Z Z)) ' LzejJ,_ ;QN*HY }.1)(0%9)

i=1 t=i j=1 s=j
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—HY Y C¥ Wi J,_ sV IL(B(Z 2)) " Z TH(tr{ D' D"}.1)A™ (029)

P ! / —/ ! — / _ /
SN CF U, QAYHY DY D' Z(EB(Z 2)) " 12V, (o).
i=1t=t j=1 s=j

Therefore, by combining equations (A.6), (A.9), (A.10), (A.12), (A.13), (A.14), (A.16),
(A.17),(A.20), (A.22), we can get the final expression for (iv).

(v)  —E{HJ HAyi} =—E{HY Z[E(Z'Z)| " *W* VA" HC* R @}
—E{HY RI,E(Z'Z)| ' Z'VA*HC* R i, }
—E{HA*'VW*E(Z'2)| ' Z YHC* R @}
—E{HA*'V Z[E(Z'2)| ' LR YHC* R @}
—E{HC* R RL[E(Z'Z)]"*W* VA*HC* R iy}
—R{HC* R Z[E(Z'Z)] ' Z VA*HC* R 1y}

—R{HA*'V W*(E(Z Z)) " I,R RC*HC* R ity }
—E{HA*'V Z(E(Z 2))"'Z RC*HC* R iy }

~E{HC* RRC*HC* R'in},

where the definition of A and As is from equation 2.10.

Then v can be obtained from the sum of (1') — (9") below:

(1)

_E{HY Z[E(Z'Z)|""W*VA*HC* R @} (A.23)

2 S Vi,
0

= -E{HY Z[E(Z'Z) V' DU A



98 Appendix for Chapter 2

p T-1 ’ / ~ /
X HZ Z C* \I/jJS_jV DS ﬂl
i=1 5=

Then, equation (A.23) can be calculated from:

E{V' D' VA= HCY w0, V' DV}
=E{¢i, D' ¢ N HCY U, J,_ ;60D iy }
+E{¢a, D' SN HC* W;J,_.S D¥ i1}
+E{S D' SA*HCYw,.J,_ 61, D* iy}
+E{S' D" t¢ N*HC*W;0,_S D i}
= o'¢¢ NHCY W0, _otr{(D'+ D)D"}
+0
+0
+o2tr{ D' D*}QJ,_W,C*HA™ ¢
— o't {D' D*}¢¢ J,_jW,CTHA* ¢

= (tr{ D' D*}.1)QJ,_jW;C* HA™ (¢0?).

Then, the final result for equation (A.23) is:

—E{HY Z[E(Z'Z)| " "W* VA= HC* R @} (A.24)
p T-1p T-

— —HY ZLEZ' 2] 3 ) Z Vid,_i(tr{ D D*}.1)QJ_;W;C* HA™ (¢0?).
=J

1=1 t=1 j=1s
(2)

—R{HY RIJE(Z'Z)| ' Z’VA*HC* R 11} (A.25)
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—/ p T-1 ~ -, ~ ! p -1 ~ /
=-E{HY Y. DV VLEZ' Z)] 1 ZVA*HC* Y Y W, J,;V' D g ).
i=1 t=i j=1s=j

Then, equation (A.25) can be calculated from:

—B{V VI [R(Z' 2)] 7 Z' VA HCH W J,_ V' D% iy }
= —E{wi ¢ SV I E(Z' 2)] " Zui g N HCH W0, o, D iy }
—B{SJ, VI E(Z' 2)] " Z SN HCH W J, oty D 11y }
—B{S¢"J, iV, IL[E(Z' 2)) 2wy ¢ N HC W], ;S D% iy }
—B{wid VI E(Z' 2)] " 2 SNFHCY W, J, ;5" D iy}
= —Dtr{QJ, W CTHAY }IZIB(Z'2)) 7 [y, T, 0

— D Z[E(Z' 2)) Q0 WO HA™ go.
Then, the final expression of equation (A.25) is:

—E{HY RI,E(Z'Z)| ' Z'VA*HC* R i, } (A.26)

3 DtDStr{QJt_i\IJ;C*HA**’}IZ[E(Z’Z)]—112\1/jJ;_j¢02
Lo s

_ P - /
—HY Y. Y. " S D'DY Z[E(Z'Z)| VT, QJ Vi CTHA™ g,
i=1 t=i j=1 s=j

(3"
—E{HN*V'W*E(Z'2)| ' Z YHC* R 1} (A.27)
’ o~ p T-1 ~ / _— p T-1 / ’ ~ 1 /
= —E{HA*V |3 D'V U 0| [B(Z'2)] ' ZYHY > C*V;J, ;V D%y }.
i=1 t=i J=1 5=
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Here,

E{V' D'V J,_ W, L[E(Z' )] Z THCY W,0,_ V' D¥ i}

= E{60, D't ¢ Ji_ iV, L[E(Z'Z)| "\ Z THCY W, J,_ ;60D i1}
+E{¢ay D' S SV, L[E(Z'Z)) "\ Z THCY ;0,8 D% i}
+E{S D'S W L[E(Z'2)| ' Z THC W, J,_ ;60 D i}
+E{S D't ¢ Ji_ W L[E(Z'2)) " Z THCY V0,8 D¥ i}

T R [E(Z’Z)]_1Z/THC*I\I'jJ;_j¢tr{;(Dt +D"YD" )+
+0
+0
+026tr{D' DY Wr{Q W L[E(Z' Z2)) T Z THC W0, )
— oot {D'D Y r {69 SV LIE(Z'Z)) 1 Z THCY W, 0, )

= tr{ D' D" Wr{ QW L[E(Z' )] Z THCY W0, }(0%9).

Then, the final result for equation (A.27) is:

—E{HA*'VW*E(Z'Z)| ' Z YHC* R @} (A.28)
p T—1 p T-1 , ;o 7 — / /
——H S St { DDt { QL E(Z' 2)| T 2 THCY W0, ) )
i=1 t=ti j=1 s=j
x A (0%).
(4)
—E{HA*'V Z[B(Z'Z)| " LR YHC* R 1} (A.29)

I~ l = p T-1 ~ /- ' P T-1 ~ /
= —B{HAN*V ZIB(Z'Z)] "1y Y_ > Wid; ;V'D'YHC* >~ 3" W;J. ,V'D% ).
i=1 t=i j=1s=j
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Then, equation (A.29) can be calculated from:

~E{V'Z[E(Z'2)| " 1y J;_ V' D' YHCY W, 0., V' D¥ i}

= —E{¢0, Z[E(Z'2)| bV J;_;¢u D' YHCY W, J. 61, D iy }
~E{S Z[E(Z'2)| " 1y¥;J;_;S' D' YHCY W0, _ 60, D¥ 7y }
~E{S Z[E(Z'Z)| " 1yW; J;_;¢u, D' THC* W, J._.S'D” iy }
~E{¢iy Z[E(Z'Z)) " W, J|_;S' D' THC* W, J._,5' D iy }

=—0'9¢/ J,_;V,C*HY' D'D* Z[E(Z' Z)| ' 1y W] ;6
— 60 tr{ Z[E(Z'2)) " 1V, J]_ 0% J;W;CTHY' D' D™}
—0

— (2= 0%6¢!) )y V,C* HY' D' D Z[R(Z' 2)| " IpWi |60

—tr{Z[B(Z'2)] " BV J]_ (2~ 0%6¢) Jo— V0T HY' D' D'} 6o

— —tr{Z[E(Z'2)] " Wi} QW0 HY' D' D ) o

—QJ,V,C*HY'D'D* Z[E(Z' 2)] " bW, J]_ 60,

Using Lemma 3 and 4.

The final expression for equation (A.29) is:

—E{HA*'V Z[E(Z'Z)| ' LR YHC* R iy}

T-1 -1

(A.30)

==Y S BN { ZIR(Z' 2)] 7 W] Qe WCTHY D' DY ) o

—E{HC* R RL[E(Z'Z)] "W* VA HC* R iy}

p , _ B
SN HA* QI V,C*HY D' DS Z[EB(Z2' Z)) 12V )0,

(A.31)
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— —E{ HE(R'R)[[E(Z'Z)] ' !

st sy VD p T-1
x |~ = VARHS S 0*wy g, V' D i
0 b=1 h=b

Note:

1. RR=E(R'R)+ (R'R—E(R'R)) =E(R'R) 4+ O,(T"/?) , where

o p T—1 p T-1 p T—1
E(RER) =Y W), VD' S D VI 0 =3 S (T =)0, J,_QJ; ;)
i=1 t=t Jj=1s=j =1 t=1

. In the following calculation I can replace R'R with E(R'R) to the order of the

approximation.

Hence, equation A.31 can be expressed as:

—E{HC* R RL[E(Z'Z)] "W* VA*HC* R iy} (A.32)

p T-1 , Sp Z \IIJ V' D"
S (HZZ T—)C* U, J, ;QJ,_ Z\II-)IQ[E(Z’Z)] = Pl

i=1 t=i 0

p T-1
X VAHS S ¥ Wy V' D ity §+o(T).
b=1 h=b

Here,

E{V' D" VA*HC* U,.J, ,V D" iy}
= E{¢i, D" tn¢ N HC* Uy J, i, D" iy}
+E{¢i, D" S*N*FHC* Wy, ,S* D" iy}

FE{S* D" S A HC Wy, iy D" iy }
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+E{S* D" ti1¢ AHC* W, J, _,S* D" i1y}
= olo¢ N HC Uy, _yétr{(D'+D")D"}
+0
+02tr{ D D" YQT,_y U, C*HA™ ¢ — o*tr{ D' D" Y$¢ J_p U, C*HA*™ ¢
+0

= OJ)_ U, C* H(tr{ D" D"}.I)A** (62¢).

Therefore, the final result for equation (A.32) is

—E{HC* R RL[E(Z'Z)] " *W* VA*HC* R iy} (A.33)
p T 1 / ! /
=-HY Y (T-t)C* W J,_QJ i 0,) LE(Z' Z)] !
=1 t=1
p T-1 p T-1 , , ,
SN B, Q0 U, CFH (tr{ DY D} I)A (6%¢) + o(T 7).
=1 r=I[ b=1 h=b
(6")
—E{HC*R Z[E(Z'2)| '\ Z VA™HC* R iy} (A.34)
p T-1 p T-1 .,
= E{HY. Y. C*WJ,_ V' D' Z[E(Z' Z) ' ZVA*HY. S 00,V D i},
=1 t=1 Jj=1s=j
Here,

E{V D' Z[E(Z'2)) "\ Z VA" HCY W, J,_;V D* iy}
= E{¢u, D' Z[E(Z'Z)| ' Z ¢ N HC¥ W, J, 61, D* 1}
+E{¢u, D' Z[E(Z'Z) "\ Z SN HCY ;0,5 D i}
+E{S' DY Z[E(Z'2)| ' Z SN HC* W, J,_ ity D i }

+E{S' D' Z[E(Z'2)| " Z ¢ N HCY U0, ;S D iy}
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iy

= oo N HC W, J,_otr{(D*+D¥\D' Y Z[E(Z' 2)| 7 Z
+ o2t { QA HOY 0, Yr{ DY Z[B(Z'2)) "' Z D*'}
—olotr{oe N HCY W, J,_Wr{D' Z|[E(Z'2)| ' Z D'}
+o?tr{ D' Z[E(Z'2)| 1 Z D* Y, W,CF HA™ ¢
— o' tr{D' Z[B(Z'2) 7' Z D¥ Yo Ty W;CFHA™

= tr{ QA HCY W0, _ Y (tr{D' Z[E(Z' 2)) 1 Z D¥ .1)(0%9)

+(tr{D' Z[E(Z' 2)] ' Z D* } 1) QW ,C* HA™ (0%9).
Then, the final result for equation (A.34) is:

—E{HC* R Z[E(Z'2)| '\ Z VA™HC* R @y} (A.35)

pIT-1p T-1 /= _y / ’ ’ ’ / /
—HZ Z (tr{Dt ZH*Z D }y.)C* ¥, J,_,QHC* \IJjJS_jHA** 02¢.
1=1 t=1 j=1 s=j
(7')
—E{HA*' V' W*(E(Z 2)) ' I,R RC*HC* R iy} (A.36)
yor | P -1 ~ / / ;P -1 ~ /
=-E{HA™V Z Z DtVJt_i\IJZ- 0| (E(Z Z))_1[2 Z Z v, Js jV D?
i=1 t=i s ey
p T-1 B , p T-1 , B ,
xS ST DV UC*HY ST CF DMV g,y By
=1 r=l b=1h=b
r o | P -1 ~ ’ / /
=-ESHAV |33 D'V 9, :0| (B(Z 2)) ',
=1 t=1

p T-1 / p T-1 / ’ ~ 1 ’
X Z Z (T—S)\I/jJS_jQJS_j\IJjC*HZ Z c* \I/th_bV Dh ﬂl} .
j=1s=j b=1 h=b
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Here,
~/ ~ ’ / / p T-1 /
EQV D'V U Iy (B(Z Z2)) oy | D23 (T =)V Jsj Qs V,C*
=1 s=j
x HC*'quJ,;_bV’Dh’al}
/ / ’ / ’ p T-1 /
=E{ ¢y D'ing S V15 (B(Z 2)) Iy | D 3 (T = 8) s ,;C*
=1 s=j
x HC*’\be,;_bw’th'al}
/ ! ! p T 1
E{ ity D'SJyie; o (B(Z 2)) Iy | 3 S (T — 8) W, Js QT pr C*
=1 s=j
x HC*’\be,;_bs'Dh’al}
/ . / ’ p T-1 ’
EQS D'SJ_ iV Iy (B(Z Z2)) " oy | D2 3 (T = 5)ejJs— Qs ¥,;C*
=1 s=3
x HC*’\be,;_bw’th’al}
! / !/ p
E{ S Dling Ji Vi I,(B(Z 2)) " Iy |3 Z — )W, Js Qs ]\11 C*
=1 s=j
x HC*’\be,;_bs'Dh’al}
/ ’ ’ p T-1 /
=000 SV L(E(Z Z)) "y | 3 3 (T =)W j QT W,
j=1s=j
x HC¥ Wy.Jj,_yotr {(D'+D")D"'}
’ / p T-1 /
+ 02 ptr S QI VI (B(Z 2)) g |3 D (T — ) V50— Q¥ ,;C*
j=1 s=j

x HC*’quJ;L_b} tr{D'D"'}

p T-1

—olotr {¢¢’ TV I (E(Z 7)1, LZ S (T —8) Wi Qs V;C*

=1 s=j
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x HC*/\I/bJ;L_b} tr{D'D"}

+0
+0
!/ p
=tr{ QL U, L,(E(Z 2)) ' | > Z $)W; T Qs jxlf C*
=1 s=j

x HC*’\Ibe,;_b} tr {D'D"'} (a%9).

Therefore, the final result for equation (A.36) is

~E{HA™V'W*(E(Z 2)) " LR RC*"HC*' R ul} (A.37)
P 71 p T-1 p
~HY S} tr{Q VU L(B(Z 2) 7 1 | S Z — )W, S QU
1=1 t=1 b=1 h=b =1 s=j

X HC*/\Ibe,/L_b}.I) (tr{D'D" 1}) A (%9).

(&)
—E{HA**’V’Z(E(Z’Z))*Z'RC*HC*'R’M} (A.38)
! ~1 P T 1 P T 1 / ~ / /
= —E{HA"V Z(E(Z 2)) 2 Y. Y. DV I WG H Y. S ¢ 0,0,V D ).
=1 t=1 Jj=ls=j
Here,

E{V' Z(E(Z 2)) ' Z D'V Jy_j0;C* HC¥ W, _, V’DS’al}
=E{60, Z(E(Z 2)) ' Z D't ¢ J1—V;,C*HC* v;J,_ ;6 D* tir }
+E{¢0, Z(E(Z Z)) 1 Z D'SJy_iv;C*HCY W;J,_iS D% i}

+E{S' Z(E(Z 2))"\Z D'S J,_W;,C*HC* W, J,_ ;6@ D" i1}
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+E{S' Z(B(Z 2))7'Z D'ing J_iW;C*HC¥ W, J,_ ;S D* iy}
= o900 Ji_VicHe W, J,_otr{(D*+D*)Z(E(Z 2))*Z D}
+ o2t {0, V,C*HCY W J,_Wr{Z(B(Z 7)) "' Z D'D*}
—ototr{op J_V,C*HCY VU, J Wr{Z(B(Z Z))"'Z D'D*'}
+ o2 {Z(B(Z 7)) Z D' D*}Q s jU,.C*HC W, d,_i¢
— ot {Z(B(Z 2)) ' Z D'D*}¢¢ J_jW,CTHCY W, _6
+0
= (tr{ Qi W;C* HC W, J,_ Y1) (tr{ Z(E(Z Z)) "' Z D'D*'}.1)(0%9)

+ QI V,CTHCY W, _(tr{ Z(B(Z 2))"'Z D' D*}.1)(0%9).
Therefore, the final result of equation (A.38) is:

—E{HA*'V Z(E(Z 2))"'Z RC*HC* R iy} (A.39)
p T-1 p T-1 , , ,
=—HY S 3 (¢r{Qh WG HCY W, 0, ) T)
i=1 t=i j=1 s=j
x (tr{Z(E(Z 2))"'Z D'D* }.1)A* (0%¢)
p T-1 p T-1

— HA*™ 2; > Zl > QI U,CTHC Ui, (tr{Z(B(Z Z)1Z D'D*}.1)(0%¢).
1=1 t=1 j=1 s=j

(9)
—E{HC* R'RC*HC* R i1} (A.40)
p IT-1 / PR -1 ~ / p T-1 / o~ ’
=-ES{HY > C*UJ, ;,V D' > S DVJ jW,C*HY > C* U,V D" iy

=1 t=1 71=1s=3 =1 r=Il
=-F {H

p IT-1 / ’ / p T-1 ’ r o~ /
S S (T -0 T, Qe B S ¢ VDM
i=1 t=i I=1r=l
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:_E{H

=0.

p IT-1 / / / p IT-1 / ’ ’ /
(T—t)C* \I/ijt_iQJt_i\IfiC* HZ Z C* \I/lJr_lqbﬂlDr U1
=1 t=i =1 r=Il

3

Therefore, by combining equation (A.24),(A.26), (A.28), (A.30), (A.33), (A.35), (A.37),
(A.39), (A.40), we can get the final expression for (v).

Rearranging for the final expression
Recall H* = [E(Z Z)]7}, set H** = I, H*I; and assume 7 = 02¢ and ¥ = A** 7. We will
add all the expectations from ((¢) — (v) which refer to equation (A.4, (A.6),(A.9), (A.10),
(A.12), (A.13), (A.14), (A.16),(A.19) (A.20), (A.22), (A.24),(A.26), (A.28),(A.30),
(A.33), (A.35), (A.37), (A.39), (A.40)) we can get the final expression which is our

Theorem 1 equation (2.15).
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A.2 Numerical Results

Table A.1 Approximation bias and MC 2SLS bias, when L=2, 4, 6; T=50, 100

T =50 T =100

L=2 L=4 L=6 L=2 L=4 L=6

MC 2SLS bias -0.3042  -0.6434 -0.6338 | -0.1253 -0.1600 -0.2250
Approximation bias | -0.3229 -0.7150 -0.8931 | -0.1597 -0.1799 -0.3233

Par =200 Simultaneity part -0.5322 -0.8123 -0.9305 | -0.2831 -0.3641 -0.5643
Dynamic Part 0.2093  0.0973 0.0374 | 0.1234  0.1842  0.2410

MC 2SLS bias -0.6466 -1.0910 -1.0130 | -0.2604 -0.3115 -0.3958
Approximation bias | -0.6439 -1.1902 -1.4003 | -0.3015 -0.2159 -0.4608

Por =500 Simultaneity part -0.9908 -1.4162 -2.7651 | -0.6001 -0.4621 -0.7661
Dynamic Part 0.3469  0.2260 1.3648 | 0.2986  0.2462  0.3053

MC 2SLS bias 0.0241 -0.0919 -0.0127 | 0.0082 0.0078  0.0120

ol = 0.50 Approximation bias | 0.0365 -0.0784 -0.0241 | 0.0120 0.0106  0.0198
Simultaneity part 0.1815 -0.0926 -0.1079 | 0.0310 0.1028  0.0603

Dynamic Part -0.1450  0.0142  0.0838 | -0.0190 -0.0922 -0.0405

MC 2SLS bias 0.0291 -0.0110 0.0158 | 0.0134 0.0206  0.0243

ol =036 Approximation bias | 0.0513 -0.0216  0.0251 | 0.0252 0.0196 0.0351
Simultaneity part 0.0501 -0.0285 -0.0732 | 0.1096 0.0561  0.0571

Dynamic Part 0.0012  0.0069  0.0481 | -0.0844 -0.0365 -0.0220

MC 2SLS bias 0.0297  0.1265 -0.2573 | 0.0346  0.0343 -0.0264

ol = 0.40 Approximation bias | 0.0337  0.1593 -0.2149 | 0.0283  0.0525 -0.0407
Simultaneity part 0.1247  0.3770 -0.5128 | 0.0403 0.1698 -0.0700

Dynamic Part -0.091 -0.2177  0.2979 | -0.012 -0.1173  0.0293

MC 2SLS bias -0.1651 -0.2898 -0.2569 | -0.0636 -0.0688 -0.1028

o, = 1.20 Approximation bias | -0.1324 -0.3514 -0.3281 | -0.0804 -0.1095 -0.1502
Simultaneity part -0.1889 -0.7067 -1.4103 | -0.1007 -0.2154 -0.2771

Dynamic Part 0.0565  0.3553  1.0822 | 0.0203 0.1095 0.1269

Continued on next page
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Table A.1 — continued from previous page

T =50 T =100

L=2 L=4 L=6 L=2 L=4 L=6

MC 2SLS bias -0.0613 -0.0793 -0.0952 | -0.0152 -0.0197 -0.0114

agl 060 Approximation bias | -0.0580 -0.0803 -0.0811 | -0.0191 -0.0217 -0.0247
Simultaneity part -0.0590 -0.0972 -0.1033 | -0.0679 -0.1000 -0.0189

Dynamic Part 0.0010  0.0169 0.0222 | 0.0488 0.0783 -0.0058

MC 2SLS bias 0.2232  0.0391  0.1675 | 0.0800 0.0688  0.0994

ol = 038 Approximation bias | 0.3746  0.0407  0.1803 | 0.1018 0.0825 0.1098
Simultaneity part 0.7055  0.0967  0.4849 | 0.1164 0.0755  0.3245

Dynamic Part -0.3309 -0.0056 -0.3046 | -0.0146 0.007 -0.2147

MC 2SLS bias -0.0639 -0.0962 -0.2440 | -0.0231 -0.0297 -0.0596

od, = 0.65 Approximation bias | -0.0702 -0.1208 -0.2921 | -0.0259 -0.0540 -0.0732
Simultaneity part -0.1840 -0.5007 -0.3786 | -0.1027 -0.0708 -0.1102

Dynamic Part 0.1138  0.3799  0.0865 | 0.0768 0.0168  0.0370

MC 2SLS bias -0.1081 -0.2849 -0.2184 | -0.053 -0.0465 -0.0876

o, =120 Approximation bias | -0.1399 -0.2087 -0.2034 | -0.0507 -0.0603 -0.1280
Simultaneity part -0.1539 -0.5886 -0.2733 | -0.1497 -0.1010 -0.3024

Dynamic Part 0.0140  0.3799  0.0699 | 0.0990 0.0407 0.1744

MC 2SLS bias -0.0874 -0.1323 -0.1399 | -0.0386 -0.0318 -0.0435

o, =038 Approximation bias | -0.1064 -0.2073 -0.1601 | -0.0411 -0.0535 -0.0739
Simultaneity part -0.1559  -0.3960 -0.2609 | -0.0533 -0.0720 -0.1032

Dynamic Part 0.0495 0.1887  0.1008 | 0.0122 -0.0185  0.0293

MC 2SLS bias -0.0006 -0.1251 -0.0851 | 0.0017  0.0062 -0.0023

0/111 050 Approximation bias | -0.0011 -0.0987 -0.1003 | 0.0020 0.0110 -0.0004
Simultaneity part -0.0096 -0.1703 -0.0673 | -0.0170 -0.0413 -0.0107

Dynamic Part 0.0085 0.0716  -0.033 | 0.0150 0.0303  0.0103

Continued on next page




A.2 Numerical Results 111
Table A.1 — continued from previous page
T =50 T =100

L=2 L=4 L=6 L=2 L=4 L=6

MC 2SLS bias -0.0261 -0.0246 -0.1820 | -0.0055 -0.0187 -0.0450

0/211 060 Approximation bias | -0.0258 -0.0208 -0.1921 | -0.0068 -0.0335 -0.0410
Simultaneity part -0.1456  -0.0736 -0.8031 | -0.0108 -0.1024 -0.1599

Dynamic Part 0.1198  0.0528 0.6110 | 0.0040 0.0689  0.1189

MC 2SLS bias 0.0204 0.2545 -0.0040 | 0.0076  0.0181  0.0100

ok = 020 Approximation bias | 0.0340 0.3612 -0.0091 | 0.0030 0.0211  0.0263
Simultaneity part 0.1723  0.4532 -0.0195 | 0.0010 0.0760 0.0781

Dynamic Part -0.1383  -0.092  0.0104 | 0.0020 -0.0549 -0.0518

MC 2SLS bias -0.0944 -0.2015 -0.2674 | -0.0373 -0.0437 -0.0721
Approximation bias | -0.0821 -0.2872 -0.3813 | -0.0374 -0.0386 -0.1071

e =0 Simultaneity part -0.1966 -0.5648 -0.5241 | -0.1067 -0.0977 -0.2654
Dynamic Part 0.1145 0.2776  0.1428 | 0.0693 0.0591  0.1583

MC 2SLS bias -0.0570 -0.1148 -0.1111 | -0.0231 -0.0275 -0.0410
Approximation bias | -0.0846 -0.1590 -0.1846 | -0.0252 -0.0290 -0.0572

e =000 Simultaneity part -0.1129 -0.3222 -0.4027 | -0.1016 -0.0713 -0.1404
Dynamic Part 0.0283 0.1632 0.2181 | 0.0764 0.0423  0.0832

MC 2SLS bias 0.0471  0.1004 0.0973 | 0.0188 0.0247  0.0325
Approximation bias | 0.0778 0.1264 0.0703 | 0.0221  0.0240  0.0488

o1 =050 Simultaneity part 0.1543  0.2651  0.1176 | 0.0731  0.0381  0.0529
Dynamic Part -0.0765 -0.1387 -0.0473 | -0.0510 -0.0141 -0.0041

Table A.1 presents the bias approximation of the 17 first structural form coefficients in two stage

least square estimators and the bias of the Monte Carlo two stage least square estimator. The

bias approximation comes from dynamic part and simultaneity part are also reported separately

in Table A.1.The sample size is 50 and 100 respectively, and for the over-identification level we

choose three different cases (L =2, L =4 and L =6).

* Both the Monte Carlo bias and the bias approximation increase when the sample size increases

from 50 to 100 in the coefficients a%l =0.36, when L =4,6; agl =—0.38, when L =4; a%l =-0.2,

when L =6). It seems abnormal, however,that as in my other experiments, the bias increases

when the sample size increases from 50 to 70, then decreases again when the sample size increases.

Thus, the trend of the bias of these coeflicients decreases when sample size increases. Please see

the Note table D.1 .
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Table A.3 The MSE of Bootstrap and C2SLS, when L=2, 4, 6; T=>50, 100
T =50 T =100

L=2 L=4 L=6| L=2 L=4 L=6

MSE of MC 2SLS | 0.5033 0.6161 0.5510 | 0.1580 0.0956 0.1169

MSE of Bootstrap | 0.9837 0.5892 0.4768 | 0.1970 0.0992 0.1077

Par =200 MSE of C2SLS 0.4173 0.4360 0.4275 | 0.1334 0.0829 0.0991

MSE of MC 2SLS | 2.0151 1.8829 1.4067 | 0.6353 0.3847 0.3905

MSE of Bootstrap | 3.6960 1.8449 1.2041 | 0.7848 0.4005 0.3647

Por =500 MSE of C2SLS 1.5251 1.3289 1.0154 | 0.6003 0.3419 0.3509

MSE of MC 2SLS | 0.0399 0.0326 0.0175 | 0.0152 0.0104 0.0084

ah 050 MSE of Bootstrap | 0.0544 0.0395 0.0224 | 0.0172 0.0119 0.0098

MSE of C2SLS 0.0368 0.0322 0.0180 | 0.0160 0.0105 0.0097

MSE of MC 2SLS | 0.0703 0.0514 0.0438 | 0.0315 0.0267 0.0254

aél 036 MSE of Bootstrap | 0.1024 0.0738 0.0561 | 0.0359 0.0306 0.0294

MSE of C2SLS 0.0464 0.0477 0.0451 | 0.0332 0.0290 0.0277

MSE of MC 2SLS | 0.3922 0.2388 0.3113 | 0.1783 0.1446 0.1257

aél 040 MSE of Bootstrap | 0.6026 0.3167 0.3708 | 0.2034 0.1654 0.1501

MSE of C2SLS 0.3392 0.2297 0.3106 | 0.1542 0.1445 0.1302

MSE of MC 2SLS | 0.1794 0.1567 0.1102 | 0.0585 0.0332 0.0362

a% 190 MSE of Bootstrap | 0.3237 0.1647 0.1012 | 0.0713 0.0367 0.0366

MSE of C2SLS 0.1774 0.1581 0.1012 | 0.0546 0.0337 0.0308

MSE of MC 2SLS | 0.1081 0.0625 0.0577 | 0.0375 0.0294 0.0250

agl 060 MSE of Bootstrap | 0.1897 0.0868 0.0713 | 0.0442 0.0346 0.0298

MSE of C2SLS 0.1056 0.0610 0.0569 | 0.0398 0.0294 0.0272

MSE of MC 2SLS | 0.4005 0.1734 0.1813 | 0.1604 0.1238 0.1123

agl _ oss MSE of Bootstrap | 0.6020 0.2404 0.2166 | 0.1863 0.1413 0.1270

MSE of C2SLS 0.4003 0.1641 0.1802 | 0.1409 0.1238 0.1107

MSE of MC 2SLS | 0.0940 0.0415 0.1167 | 0.0331 0.0214 0.0245

a?l 065 MSE of Bootstrap | 0.1662 0.0550 0.1194 | 0.0394 0.0246 0.0277

MSE of C2SLS 0.0923 0.0404 0.1069 | 0.0328 0.0213 0.0270

Continued on next page
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Table A.3 — continued from previous page

T=50 T =100

L=2 L=4 L=6| L=2 L=4 L=6

MSE of MC 2SLS | 0.1317 0.1758  0.1044 | 0.055 0.0348 0.0401

o, = 120 MSE of Bootstrap | 0.2106 0.1893  0.1070 | 0.0653 0.0392 0.0434
MSE of C2SLS 0.1300 0.1752  0.0833 | 0.0545 0.0342 0.0417

MSE of MC 2SLS | 0.2642 0.1577  0.1408 | 0.1273 0.1057 0.0923

o, = 0.38 MSE of Bootstrap | 0.3739 0.2131  0.1668 | 0.1469 0.1234 0.1086
MSE of C2SLS 0.2138 0.1483  0.1357 | 0.1264 0.1068 0.0920

MSE of MC 2SLS | 0.0592 0.0523  0.0434 | 0.0196 0.0124 0.0188

o = 0.50 MSE of Bootstrap | 0.0925 0.0631  0.0524 | 0.0224 0.0141 0.0138
MSE of C2SLS 0.0584 0.0522  0.0434 | 0.0203 0.0124 0.0136

MSE of MC 2SLS | 0.0631 0.0317  0.0791 | 0.0252 0.0203 0.0216

ok, = 0.60 MSE of Bootstrap | 0.0990 0.0438  0.0842 | 0.0293 0.0234 0.0246
MSE of C2SLS 0.0635 0.0301  0.0677 | 0.0260 0.0199 0.0234

MSE of MC 2SLS | 0.2089 0.1930  0.1031 | 0.0879 0.0663 0.0602

ol = 020 MSE of Bootstrap | 0.2914 0.2207  0.1326 | 0.1009 0.0754  0.706
MSE of C2SLS 0.2075 0.1852  0.1031 | 0.0820 0.0661 0.0585

MSE of MC 2SLS | 0.1111 0.0892  0.1125 | 0.0277 0.0138 0.0169

MSE of Bootstrap | 0.2136  0.100  0.1042 | 0.0344 0.0153 0.0171

e =100 MSE of C2SLS 0.0982 0.0901  0.1042 | 0.0254 0.0135 0.0137
MSE of MC 2SLS | 0.0214 0.0209  0.0177 | 0.007 0.0036 0.0046

MSE of Bootstrap | 0.0425 0.0210  0.0160 | 0.0088 0.0040 0.0045

21 =000 MSE of C2SLS 0.0150 0.0203  0.0086 | 0.0069 0.0034 0.0038
MSE of MC 2SLS | 0.0139 0.0160 0.01380 | 0.0049 0.0030 0.0030

MSE of Bootstrap | 0.0272 0.0115 0.01250 | 0.0062 0.0032 0.0029

o= =00 MSE of C2SLS 0.0097 0.0164  0.0115 | 0.0040 0.0026 0.0031

Table A.3 presents the mean squared errors of the 17 first structural form coefficients in
the Monte Carlo two stage least squares, corrected two stage least squares and bootstrap
two stage least squares respectively. The sample size is 50 and 100 respectively, and for the

over-identification level we choose three different cases (L =2, L=4 and L =6) .
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Appendix for Chapter 3

B.1 The Evaluation for Theorem 2

Taking the expectation of equation 3.9

E (opLive—0) =E ((T/FLIMZTFLIML)_1T/FLIMLQ1) (B.1)

=B (HY0 + HA i + HAyiy — HJFHY G — HJ7HAgin )

The same as 2SLS bias

+E (H l(1 —(A— T_Jlj_Q))Vz 10 0] fu) +o(TH).

Extra term in FLIML compared with 2SLS

In the expansion, A; and Ag are defined in equation 2.10.

E (HTﬂl + HA/lﬁl + HA/zﬁl — HJ{‘HT/al — HJfHAgle) is the bias approxima-
tion in 2SLS, and E <H {(1— (A— ﬁ))f/g :0: O}/ﬂ1> is the extra term of bias
approximation in the Fuller limited information maximum likelihood estimation com-

pared with 2SLS. Hence, we start to calculate from this extra term, then compare the
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results with the 2SLS results obtained in section 2.3.

A N - |14:0 -
where Vo = PyVh, Py =1—2(2'Z)"1Z', and recall that [V3:0:0] =V |’ = VA,

0
and Z =[R:S]is T x (P+ (@) dimension matrix.

To proceed, using Kadane (1974) and Kadane (1970), we have

— i} (Py — Pz)'tiy

+o 71
i) Py p(T)

1-A=

where Py =1 —T(Y'T)~'Y’, and recall that Y =[Y2: Ry : S1] is a T'x (g+ P* +Q*)
dimension matrix, and Yo=Ys— Vo= Zle L(i)Yl"é + Z;Z:O LjXﬂéj). Then, we can

rewrite equation B.2 as:

’ 1 -,
' (i (Py — Py)iy -, = 'Pyil
— HA** E ( u1<~/T_ - Z)Ul V/PZ,al> + ]E’(V PZUl)
uy Pz T—P—

Notes:
1.Recalling V = S* +ﬂ1¢/, where @1 and S* are normally distributed but independent,

then,

<
.
Sz
Il
=
—
R
N
<
N
+
—~
<
’Nwl
Ez
|
=
—
<t
;UI
=g
N
~—



B.1 The Evaluation for Theorem 2 119

=E (8" Pzinn) +E (61, Pzin ) +0p(T).

2. E(S* Pyii) =0

Proof:

E(S* Pyin) = E(S* (1-2(2'2)7'2") i) = ~E(S¥ (2(2'2)7' 2"} i) (iir and S*
are independent) = —E(S* ((Z—l— WH*(Z' + W*’)) @i1)(W* is lagged stochastic part
and W*, @y and S* are independent between each other )= —E(S*/ (W*H*W*I) uy) =
0.

Hence, we can express equation (B.3) as follows:

HA™'E ((1 — A+ W)V’PZm) (B.4)

’ _ _ E ~/ﬁ ~ E S/p ~
:HA*WE(—%(PY—Pz)m (@1 Pzin) +E( Zu1)>+

ﬁ/lpzul

Note:
1 1
. — = = + 0, (T—3/2
W Pyiiy  E(@)Pyiiy) » )
Proof:

_ _ _ _ _ i, Py — E(i, Py
i, Pyiny = B, Pyinn) + @, Pyt — E(i, Pyin) = B(i@, Pyity) l1+u1 7t — B Pyin)

E(@; P7ii)
. . -1
1 1 iy Pyuy — E(@) Py 1
S (4 ZU1~/ _(%1 Zm)} 5?4—01;(77_3/2).
uy Pzuy  E(a)Pzu) E(a) Pzuy) E(a) Pzuy)
Hence, we can express equation (B.3) as follows:
HAYE (1= A — V" Pyi (B.5)
At U .
T—P-0Q AD
/ o 1 E(i} Pyl
= HA™ R [ -, (I =T (Y1) 1) = (I — Z(Z’Z)_lz’))alw
E(u’lpzul)
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r E(T) P 1)
HA** Nl a2
+ . o
/ _ A AN — T RASN ~ E(ﬂ’PZﬂl) ’ ]E(u qul)
= HN™ R | —@(Z2(Z'2) " 7' = T (Y'0) Ty —— 22 | + HA** 1
6 ( 227 =TT LD
Kok ~/ 1 oN—1 ot ~ xx ~ ] An AR AR — 1 AR ~ *ok E<a/1PZ~1)
= —HA™¢E (@, 2(2'2)7 2'tn) + HA 6E (&, T (Y1)~ Ty ) + HA b

We shall shortly evaluate these terms but first we note the following Lemmas.

B.1.1 Lemmas

The following lemma may be used in the late evaluations.
Lemma 1: The expectation of a product of three normal random vari-

ables is zero. i.e

E(EAVB®) =0

, where 2,0, and ® are three normal (means of zero) random variables.

Lemma 2: (7'Z) ' =[E(Z'2)] " +0,(T%) and (Y1) = [E(Y'T)] ' +0,(T7
where Z =[R: 5] = [LY, L2Y..LPY : X,LX,LZX...LQX} :
T =[Yo: Ry : S =|Ya: LYy, L3Y1. LPY1 : X, LXy, L2 X LIXy .

Proof:
(Z'2)" = [E(Z'Z2)] " +Op(T%3), see A.1, Lemma 2.
One may follow the same procedure to derive (Y/T)~! = [E(Y'T)]"" +Op(T_73).
In what follows frequent use will be made of this lemma when replacing (Z’Z)~!
and (Y1)~ with [E(Z'Z)]" and [E(Y'Y)] " respectively, while retaining the order

of the approximation at 7.
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B.1.2 The extra term expression

As has been noted the bias approximation to order 7! for FLIML is equal to the
order T~! bias approximation for 2SLS plus the expected value to order T~! of the
additional terms presented in equation B.2 and equation B.5. Hence we shall evaluate
the three terms in equation B.5. Recall that H = (E(T'Y))™! = (T/T +E(ALA2)) !
and H* = (E(2'2))" = (Z'Z + E(W* W*))~1

1. The first term in equation B.5 can be evaluated as:

— HA™ G (i(2(2'2)7' Z'y)) (B.6)

/ — ~ -1 = ~
— _HA™ ¢E (a’l(z W [E(Z2)] (2 )al)
Using Lemma 2

= —HA™ R (i ZH* 2" ) — HA™ G (a, W H*W* iy (B.7)

= —HA" 90 (tr{ZH"2'} 1)

bS]

ZDtVJt 050

s
s

— HA™ 6E (

p T-1 o
e Lz S A 0] )

T—1
=1 t= =1 s=j
/

= —HAY ¢0* (r{ZH*Z'} 1)
1 T

M=
HM\

<

E (@ D'V I W H 10T, VDY)

—HA¥ ¢ Y

p T—
=1 t=1

7 i=1s

<
I

1
= —HA™ ¢0? (tr ZH*Z’} 1)

P

=1

Z S=

{
T—1 p / /
3 Z]E( \DN(S* i) S W H T, (ST + ity DY iy )
=i j=1
t {ZH*Z’}.[)
1

t=
HA**/QbUQ ( r
T—

p p
A** ¢Z Z Z Z E(“lDta1¢ Jp—i¥ H**\Ij Jl ]¢U1D U1>
i=1 J=1

t=1 s=j

p 112 / ’
HA™ 933 Z E (i} D'S*Jr— i W;H™V; . ;5 D" 0y

1=1t=1 j=1 s=3
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~H (tr{zH* 2"} 1) 0~ Hizpjz (T —t)tr (W H™ W, J{_ ;) .
i=1j=1t=1j

By using Lemma 2 and Lemma 4 in Appendix.A.

2. The second term in equation B.5 :

HA™ 6B (a7 (T'T7) 7 i )
= HA™ 6B (1 (Y +20) [E(0T)] (7 + Ay)in )
= HA™'GE (), THY iy ) + HA™ 6E () Ay H Ay )

= HA**/gbO'

)
YHT'}-T)

I‘
p T p T-1 ~ ,
+ HA™ ¢E Z Z W WCTH Y S 0F gV DY
i=1t=i Jj=ls=j
= HA™ 90 (te {THT'} 1
p T—-1 p T—1 , ,
+HA Y S E (@ DS + i ¢)) Jy i WiCTHC® Wy J._ (S + ¢iy) D™ i
1=1 t=t j=1 s=j
= HA™ ¢o? (0 {THY'} 1)
p T-1 p T-1
+HA 933 3 S B (@) Dlind Sy W CTHCY 0,0, 61 D i )
1=1 t=t j=1 s=3
p T-1 p T-1 , .
+HAY Y S SR (@ D' S* Jy i C*HC*W;J._;5% D* i)
1=1 t=t j=1s5=7

= H (tr{THY'}. 1)19+H§pj§pj Z T —t)tr (I W HC 030 ) 0.
i=1j=1t=1,j

By using Lemma 2 and Lemma 4 in Appendix.A.

3. The third term in equation B.5 :

E(i) Pyin )
P

HA**/¢ Q

(B.8)
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E(iy (I - Pz)i)
T-P—Q
To? — E(i) Py

— HA**/¢

— HA**/¢

Notes:
HA* ¢te{ ZH*Z'}

1. Using the result in equation B.6 E (ﬂﬁZﬁ]*Z/ﬂl) =tr{ZH*Z'}, then T PO

is O(T~2) which is of lower order than order 77! .
HA™ GE (i W*H*W* i)

T-P_Q is of lower order than

2. E(ﬂiW*H*W*/ﬁl) is O(1), then
Tt

Hence, we can express equation (B.9) as follows:

o E(@) Priy)
R ]

= HO+o(T™Y).

(B.10)

Then combining these three terms, the extra bias term in FLIML given by B.5 can
be written as:

!

1 . i
o pp T-1
=—H(tr{ZH*Z'} 1) 9= HY 3" > (T —t)tr (U W H™ W]} ¥
i=1j=1t=ij
L pp T-1 ,
+H (e {THY'} D)0+ HY Y S (T—t)tr (Wi C*HC W] )0
i=1j=1t=ij

+ HI+o(T™H).
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B.1.3 The Related terms in 2SLS compared with B.1.2

The extra terms in equation B.11 which have been presented in Theorem 1, section 2.3.
We shall show that the first ten terms in Theorem 1 are cancelled out by the terms in
equation B.11 thus demonstrating that the FLIML bias approximation contains only
those components which explicitly involve the D matrices. To show this we first note

the first ten terms in Theorem 1:

H(tr{ZH*Z’}.I)ﬁ (B.12)
p D
HY Y Z T —t)tr (W H™ W] ;)0 (B.13)
1=15=1t=1,5

— H (tr{ZH*Z'THY'}.I) 0 (B.14)
p p T-1

—HY S S (T )(tr{Q— VI, H* Z THCY W0, }.1)0 (B.15)
1=1j5=1t=1,3
p p — / / / —/

~HY Y Z T—t)tr{Z(E(Z 2)) ' L¥J, Q0 ,C"HY b (B.16)
1=1j5=1t=1,3
p p T-1 p

—HY Y S (Tt O, U H* Z 3 Z — )W,y (B.17)
1=11=1t=i,l j=1m=1s=j,m

x QJS_m\D;nC*] Hc'qflJ;_l} .I) 0

— HY'ZH*Z'YHY (B.18)
p p

~HY Y Z T—6)C Ui J,_ QU I, H* Z THY (B.19)
i=11l=1t=1,j
p P p p T-1

~HY Y Z T—1)C W, QI jVH* Y S S (T =)W, Qi ¥, C* HY
i=1j=1t=1j I=1m=1r=Ii,m

(B.20)
p P
—HY ZH*Y. Y. Z I(T — 1)V J,_ Q¥ ;C* HY. (B.21)

1=1j5=1t=1,3
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B.1.4 Comparing the terms in Appendix B.1.2 and Appendix
B.1.3

Here we show how the the FLIML estimator eliminates the bias terms in B.12 to B.21.

1. Terms B.12 and B.13 are eliminated by the first two terms in equation B.11.

H(tr{ZH*Z’}.I)ﬁ—H(tr{ZH*Z’}.I)ﬁ (B.22)
p
+HZZ Z tytr (U W H U] ;) 0
i=1j=1t=1,j
p D
—HY Y Z T —t)tr (Qy W H™ 0] ;)0
i=1j=1t=1,j
—0.

2. Comparing the terms B.14, B.15 with the third term in equation B.11:

- - - I
Recalling W* = [R : 0] = RI5(Chapter 2), where I3 is defined as Iy = "l Chapter

2

H (tr{THT’}J) 0—H (tr{ZH*Z'THY'}.T) ¥ (B.23)

p D
~HY. Y Z T —t)(tr{QJ— VL, H* Z THCY W0, }.1)0
i=1j=1t=ij

—H (tT{THT’Z (72)" 2} 1) o—u (v{tuY 2(Z 2w W} 2} 1)

p P
~HY S Z T —1)(tr{Q— VL, H* Z THCY W0, }.1)0
i=1j=1t=1j
o {YHY' 2 ((22)" - (2 2+m {0 W)) ) 2 }0)
—1

#(
p p T !/ —/ — / /
—HY > 3 (T —)(tr{Qh— L H Z THC" ¥y, _;}.1)0
i=1j=1t=i,j

H (o

J
H{rY'z(22) 7 (7 246 (i) B O 2L
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p p T-1 ;o _/— / ’
—HY S S (T - )t { Q- W, L, H Z YHC* W, J,_;}.1)0
i=1j=1t=ij
—H (tr {THT'Z (Z’Z)*l H*LE{R'R} IéZ’} .I) 9
p p T_l 7 —/ — I /
~HY Y S (T )t {Q VL H Z YTHCY Wy, }.1)Y
i=1j=1
p p T—-1T-1 L , =
I (tr{THT 72(2z)  HLE{w.J_,V'D' DSVJS_]-\IJ;-}IQZ’} .I) ]

t=1,]

p D
—HS S S (T )t { QW Iy Z YHCY w0,y 1)
1=1j5=1t=1,j
p p T-1T—1 a1 ) o
=¥ Z Z H tr{THT 72(27) H LE{w.J_;S'D' DSSJS_j\p;}IQZ’}.I) 0
i=1j5=1 t=
p pT—lT—l | ) o
+3 N ZH(tr{THT Z(2'2)  HLE{W.J]_j¢ui D' Dsulqs’JS_j\p;}IzZ’}.I)ﬁ
i=1j=1 t=i s=j
p p T-1 o —— / /
~HY Y S (T )t QS VL H Z YHCY Wy, }.1)Y
i=1j=1t=ij
p p T-1 g, 1 ;
—HY Y Y (- )( {THTZ(Z’Z) H*IQ\IJZ-Jg_Z-QJS_j\Il;IQZ’}.I>19
1=17=1t=1,j
p p T-1 ’ ot /= ’ ’
~HYY S (T )t {Q VL H Z YTHCY Wy, Y1)
i=1j=1t=ij

Note:

LT = A8 1y 1| 2. Where, [A0) 21y 1] s a (P+Q) x (9 + P+ @) matrix.
A2*) = [Fg*) : Hgk)}/ is a (P+@Q) x g matrix and recalling that I‘( ) (Fgl),ng), '_"ng))/
and Fg*) (115 ) H(2)7 ,Hg ))/~ I3 is a (P+ Q) x P* selection matrix and I is (P +

Q) x Q* selection matrix.

Hence, we can express equation (B.23) as follows:

H (tr{THT’}.I) 0—H (tr{ZH*Z'THY'}.T) v (B.24)

p P
~HY Y Z T — ) (tr{ QI L, H* Z THC U0,y 1)
1=1j5=1t=1,3
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p p T-1 - ro /
i:lj:lt:z’ j
p D
—HY Y Z T — ) (tr{ QS iV, L, H* Z YHCY U0,y 1)9
1=1j=1t=1,j
p p T-1 . o, , ’ /
=HY > > (T-t)tr{Q—VLbH"Z TH <C* — ([Aé*) Iy I4D b) Wty j3-1)9
it=1j=1t=i,j
=0.
Note:

/ ! IP
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4. Comparing the term B.18, B.20, B.19, B.21 with the last term in equation B.11:
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Then the bias approximation to O(7~1) for FLIML estimator is the remaining part

in 2SLS which is summarized in Theorem 2 in section 3.3.



132 Appendix for Chapter 3

B.2 Numerical Results

Table B.1 Bias Approximation of 2SLS and FLIML to O(T~!), when L=2,
4, 6; T=50, 100

T =50 T =100

L=2 L=4 L=6 L=2 L=4 L=6

2SLS bias -0.3229 -0.7150 -0.8931 | -0.1597 -0.1799 -0.3233

Par =200 FLIML bias | -0.1359 -0.2886 -0.0517 | -0.0739 -0.0629 -0.0567
2SLS bias -0.6439 -1.1902 -1.4003 | -0.3015 -0.2159 -0.4608

Por =500 FLIML bias | -0.2487 -0.3905 -0.1410 | -0.1531 -0.2017 -0.0712
ol =050 2SLS bias 0.0365 -0.0784 -0.0241 | 0.0120 0.0106  0.0198
FLIML bias | 0.0212 -0.0395 0.0261 | 0.0073 -0.0070  0.0016

ol 036 2SLS bias 0.0513 -0.0216 0.0251 | 0.0252 0.0196  0.0351
FLIML bias | 0.0613 0.0324 0.0715 | 0.0208 0.0189  0.0398

o, = 0.40 2SLS bias 0.0337  0.1593 -0.2149 | 0.0283  0.0525 -0.0407
FLIML bias | 0.0784 0.1396 0.0701 | 0.0716  0.0478  0.0300

o2, =120 2SLS bias -0.1324 -0.3514 -0.3281 | -0.0804 -0.1095 -0.1502
FLIML bias | -0.0765 -0.1032 -0.0378 | -0.0297 -0.0469 -0.0210

o, = 0.60 2SLS bias -0.0580 -0.0803 -0.0811 | -0.0191 -0.0217 -0.0247
FLIML bias | -0.0183 -0.0108  0.0319 | 0.0175 0.0011  0.0089

o2 = 038 2SLS bias 0.3746  0.0407  0.1803 | 0.1018 0.0825  0.1098
FLIML bias | 0.1692 0.0610 0.0996 | 0.0667  0.0578  0.0501

o, =065 2SLS bias -0.0702 -0.1208 -0.2921 | -0.0259 -0.0540 -0.0732
FLIML bias | -0.0321 -0.0261  0.0157 | -0.0183 -0.0072  0.0028

o, = 120 2SLS bias -0.1399 -0.2087 -0.2034 | -0.0507 -0.0603 -0.1280
FLIML bias | -0.0702 -0.1305 -0.0201 | -0.0214 -0.0161 -0.0211

o, =0.38 2SLS bias -0.1064 -0.2073 -0.1601 | -0.0411 -0.0535 -0.0739
FLIML bias | -0.0805 -0.0388 -0.1057 | -0.0309 -0.0200 -0.0401

o, = 0.50 2SLS bias -0.0011  -0.0987 -0.1003 | 0.0020 0.0110 -0.0004
FLIML bias | 0.0340 -0.0270  0.0397 | 0.0209 0.0132  0.0147

Continued on next page
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Table B.1 — continued from previous page

T =50 T =100

L=2 L=4 L=6 L=2 L=4 L=6

o, = 0.60 2SLS bias -0.0258 -0.0208 -0.1921 | -0.0068 -0.0335 -0.0410
FLIML bias | 0.0067 -0.0190 0.0701 | 0.0081  0.0091  0.0070

od = 020 2SLS bias 0.0340 0.3612 -0.0091 | 0.0030 0.0211  0.0263
FLIML bias | 0.0421  0.0800 0.0201 | 0.0049 0.0189  0.0310

2SLS bias -0.0821 -0.2872 -0.3813 | -0.0374 -0.0386 -0.1071

e =10 FLIML bias | 0.0351 -0.1926  0.0386 | 0.0006 -0.0077 -0.0007
2SLS bias -0.0846 -0.1590 -0.1846 | -0.0252 -0.0290 -0.0572

n =000 FLIML bias | -0.0241 -0.0491  0.0015 | -0.0064 -0.0070 -0.0051
2SLS bias 0.0778 0.1264 0.0703 | 0.0221  0.0240  0.0488

o= =00 FLIML bias | 0.0217 0.0781 -0.0103 | 0.0042 0.0062  0.0002

Table B.1 presents the bias approximation of the 17 first structural form coefficients in
two stage least squares and Fuller limited information maximum likelihood. The sample
size is 50 and 100 respectively, and for the over-identification we choose three different
cases (L=2, L =4 and L =6).

The bias approximation of 2SLS increase when the sample size increases from 50 to 100
in the coefficients a; = 0.36, when L = 4,6; a3, = —0.38, when L =4; a3, = —0.2, when
L =6). It seems abnormal, however,that as in my other experiments, the bias increases
when the sample size increases from 50 to 70, then decreases again when the sample size
increases. Thus, the trend of the bias of these coefficients decreases when sample size

increases. Please see the Note table D.1 .
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Table B.3 The MSE of 2SLS, C2SLS, FLIML, and CFLIML when L=2, 4,
6; T=>50, 100

T =50 T =100

L=2 L=4 L=6| L=2 L=4 L=6

MSE of MC 2SLS 0.5033  0.6161 0.5510 | 0.1580 0.0956 0.1169

MSE of MC FLIML | 0.3549  0.4109 0.4297 | 0.1554 0.0868 0.0952

P =200 MSE of C2SLS 0.4173  0.4360 0.4275 | 0.1334 0.0829 0.0991
MSE of CFLIML 0.2704  0.3209 0.4305 | 0.1565 0.0844 0.0897

MSE of MC 2SLS 2.0151  1.8829 1.4067 | 0.6353 0.3847 0.3905

MSE of MC FLIML | 1.4421 1.3333 1.0301 | 0.6237 0.3515 0.3280

Por =500 MSE of C2SLS 1.5251  1.3289 1.0154 | 0.6003 0.3419 0.3509
MSE of CFLIML 1.1372  1.5247 1.0397 | 0.5971 0.3521 0.2962

MSE of MC 2SLS 0.0399  0.0326 0.0175 | 0.0152 0.0104 0.0084

ol, = 0.50 MSE of MC FLIML | 0.0486  0.0460 0.0359 | 0.0165 0.0118 0.0102
MSE of C2SLS 0.0368  0.0322 0.0180 | 0.0160 0.0105 0.0097

MSE of CFLIML 0.0382  0.0394 0.0227 | 0.0168 0.0121 0.0101

MSE of MC 2SLS 0.0703  0.0514 0.0438 | 0.0315 0.0267 0.0254

ol = 0.36 MSE of MC FLIML | 0.0820  0.0932 0.0890 | 0.0342 0.0302 0.0308
MSE of C2SLS 0.0464  0.0477 0.0451 | 0.0332 0.0290 0.0277

MSE of CFLIML 0.0550  0.0520 0.0438 | 0.0338 0.0303 0.0247

MSE of MC 2SLS 0.3922  0.2388 0.3113 | 0.1783 0.1446 0.1257

ol = 0.40 MSE of MC FLIML | 0.4544  0.4071 0.5253 | 0.1949 0.1640 0.1553
MSE of C2SLS 0.3392  0.2297 0.3106 | 0.1542 0.1445 0.1302

MSE of CFLIML 0.3877  0.2178 0.3112 | 0.1652 0.1441 0.1597

MSE of MC 2SLS 0.1794  0.1567 0.1102 | 0.0585 0.0332 0.0362

o2 =120 MSE of MC FLIML | 0.1452  0.1347 0.1032 | 0.0591 0.0341 0.0346
MSE of C2SLS 0.1774  0.1581 0.1012 | 0.0546 0.0337 0.0308

MSE of CFLIML 0.1422  0.1348 0.1034 | 0.0551 0.0353 0.0331

MSE of MC 2SLS 0.1081  0.0625 0.0577 | 0.0375 0.0294 0.0250

o2, = 0.60 MSE of MC FLIML | 0.1055  0.1055 0.1085 | 0.0406 0.0336 0.0310
MSE of C2SLS 0.1056  0.0610 0.0569 | 0.0398 0.0294 0.0272

MSE of CFLIML 0.1056  0.0609 0.1063 | 0.0410 0.0323 0.0313

Continued on next page
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Table B.3 — continued from previous page

T =50 T =100
L=2 L=4 L=6| L=2 L=4 L=6

MSE of MC 2SLS | 0.4005  0.1734 0.1813 | 0.1604 0.1238 0.1123

w038 MSE of MC FLIML | 0.4043  0.2999 0.3119 | 0.1695 0.1379 0.1287
MSE of C2SLS 0.4003  0.1641 0.1802 | 0.1409 0.1238 0.1107

MSE of CFLIML | 0.3935  0.1707 0.1811 | 0.1500 0.1238 0.1121

MSE of MC 2SLS | 0.0940  0.0415 0.1167 | 0.0331 0.0214 0.0245

. — 065 MSE of MC FLIML | 0.0928  0.0612 0.1369 | 0.0355 0.0235 0.0274
MSE of C2SLS 0.0923  0.0404 0.1069 | 0.0328 0.0213 0.0270

MSE of CFLIML | 0.0939  0.0553 0.1165 | 0.0363 0.0209 0.0299

MSE of MC 2SLS | 0.1317  0.1758 0.1044 | 0.0550 0.0348 0.0401

w120 MSE of MC FLIML | 0.1306  0.1725 0.1277 | 0.0570 0.0379  0.0426
MSE of C2SLS 0.1300  0.1752  0.0833 | 0.0545 0.0342 0.0417

MSE of CFLIML | 0.1307  0.1732 0.1041 | 0.0546 0.0361 0.0381

MSE of MC 2SLS | 0.2642  0.1577 0.1408 | 0.1273 0.1057 0.0923

4 g MSEOfMCFLIML | 03152 02556 02438 | 0.1384 0.1205 0.1119
o MSE of C2SLS 02138 0.1483 0.1357 | 0.1264 0.1068 0.0920
MSE of CFLIML | 0.2453  0.1444 0.1400 | 0.1272 0.1132 0.1114

MSE of MC 2SLS | 0.0592  0.0523 0.0434 | 0.0196 0.0124 0.0188

ot — 050 MSE of MC FLIML | 0.0680  0.0647 0.0856 | 0.0213 0.0141 0.0146
MSE of C2SLS 0.0584  0.0522 0.0434 | 0.0203 0.0124 0.0136

MSE of CFLIML | 0.0592 0.006390 0.0448 | 0.0180 0.0120 0.0129

MSE of MC 2SLS | 0.0631  0.0317 0.0791 | 0.0252 0.0203 0.0216

i g MSEOfMCFLIML | 0.0690 00552 0.1099 | 0.0274 00228 0.0249
2 MSE of C2SLS 0.0635  0.0301 0.0677 | 0.0260 0.0199 0.0234
MSE of CFLIML | 0.0701  0.0438 0.0850 | 0.0264 0.0203 0.0216

MSE of MC 2SLS | 0.2089  0.1930 0.1031 | 0.0879 0.0663 0.0602

i _ygy MSEOIMCFLIML | 02472 02344 02041 | 0.0951 00746 0.0734
o MSE of C2SLS 0.2075  0.1852 0.1031 | 0.0820 0.0661 0.0585
MSE of CFLIML | 0.2003  0.1892 0.1500 | 0.0764 0.0663 0.0602

Continued on next page
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Table B.3 — continued from previous page
T =50 T =100

L=2 L=4 L=6| L=2 L=4 L=6

MSE of MC 2SLS 0.1111  0.0892 0.1125 | 0.0277 0.0138 0.0169

MSE of MC FLIML | 0.0932  0.0890 0.1076 | 0.0282 0.0140 0.0159

e =10 MSE of C2SLS 0.0982  0.0901 0.1042 | 0.0254 0.0135 0.0137
MSE of CFLIML 0.0980  0.0890 0.1038 | 0.0211 0.0145 0.0149

MSE of MC 2SLS 0.0214  0.0209 0.0177 | 0.0070 0.0036 0.0046

MSE of MC FLIML | 0.0154  0.0147 0.0148 | 0.0069 0.0035 0.0041

e =060 MSE of C2SLS 0.0150  0.0203 0.0086 | 0.0069 0.0034 0.0038
MSE of CFLIML 0.0161  0.0167 0.0152 | 0.0070 0.0037 0.0048

MSE of MC 2SLS 0.0139  0.0160 0.0138 | 0.0049 0.0030 0.0030

MSE of MC FLIML | 0.0103  0.0114 0.0122 | 0.0050 0.0029 0.0027

o1 =050 MSE of C2SLS 0.0097  0.0164 0.0115 | 0.0040 0.0026 0.0031
MSE of CFLIML 0.0100  0.0131 0.0124 | 0.0046 0.0029 0.0023

Table B.3 presents the mean squared errors of the 17 target coefficients in four different

estimators (the uncorrected two stage least square, the uncorrected Fuller limited information

maximum likelihood, the corrected two stage lease square and the corrected Fuller limited

information maximum likelihood estimators). The sample size is 50 and 100 respectively, and

for the over-identification we choose three different cases (L =2, L =4 and L = 6).
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Appendix for Chapter 4

C.1 The evaluation of Theorem 3

(41 —on) = E{H*Z 01+ H'W* o, — H*Z W H* Z 0, - H'W¥ ZH*Z'5y  (C.1)
—H*ZWrHW* 5
— HWY ZH WY 6y — H* (W W* —E(W*W*)) H* Z 5y

— 1 (W W —E(WW*)) H W0y} +o(T7).

Clearly, terms involving a product of an odd number of normal random variables
have zero expectation and these items can be eliminated. Hence, we should evaluate
the first four terms and the last term in equation (C.1). In section 4.3 we define
H* = [E(ZIZ)}_l and W* = {Zle st th/Jt_i\IJ; : 0}. Hence we can write the

expectation for each term:

(i) E(H*Z )= H*ZE(%1) =0,

(i) E(HW* )= HEW* ).
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The definition of W* is from section 2.2, and following Nagar (1959) we decompose

the reduced form disturbance matrix V into two independent parts as:

‘7 — S‘i‘ﬁlfzfl,

where Q1 is the first column of the reduced form disturbance’s covariance matrix, S,

and 77 are independent, then we can rewrite W* as:

(zpjTZlD SJii ¥ o) (zpjTZlelQ T iV, 0) (C.2)

=1 t=1 =1 t=1

Therefore for the second term (i7),the expectation becomes:

/

T—1 -, ,
D'51Q U, 0|
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i=1 t=1

E(W*5,) =E

2
AR
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\Ifth’_iQ_lﬁ'lDt'@l}
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-

where E (GllDtlﬁl) =0, t=1,..,7—1. Notice that the first part of equation (C.2 ) is

’ﬂu
Hs

M@

1 t=2

LAY (5,0"01) } ,

independent of 91, hence this element is eliminated in evaluation. It is obvious that

our final result of (i7) is:

E(H*W* #;) =0

(i1i) E(-H*ZW*H*Z',) = —H*ZEBW*H*Z o)

iy p ~ / _
=—H*Z E{ Z Z DtﬁlQ.ljt_i\Ifi : 0) H*Z,fjl}
=1

=1 t=1
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—/ p T_]' /] — li ~
=—H*Z > > D'ty ZH* (Ip:0) ;. J;_Q1,
=1 t=1

where P =% _ p(m) which is clarified in equation (4.2).

(iv) B(—H*W*ZH*Z v,) = —H*E(W* ZH*Z )
p T-1 ~ 1 ’ / _ _
=-—HES (Y D'y Q iV, : 0| ZH* Z'ty
=1 t=1

/

p T-1 / _ ’
= —H*tr (Z S 7 DtZH*) (JiiW;:0) Q4.

i=1 t=i
Then, we add the first four items together which yields:

p T—-1 ’

—H* Y ST A (B ®:0) Q4 (C.3)

1=1 t=1

=/ =/

where Aj = Z'D'ZH* +tr(Z D'ZH*)Ip,q, and here P =G _;p(m) and Q =

SK | ¢(n) which is clarified in equation (4.2).

The remaining term is:

(v) E{—H* (WW*—EW*W*)) HW 5}
= —HE{(WW*) H*W* 5, } + HE(WW*)HE(W* )
= -H'E { (W*'W*) H*W*/ﬁl} since E(W*lﬁl) =0

DAPD Sriwtl I0 AR TAD VLD S D Srderil X1 700 MR (A (1 N

_ _H'E
0 0
)/ ED Dl \Ile;_bf/’D’“/ 5
1
0
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— _H'E S S Y T T ‘IIJt zV/Dt DV Js- l‘lsz**‘I’bJ;—b‘N//Drl
0

recalling that in section 2.3, we defined H** = IéH *I5 is the P x P leading submatrix

Ip
of matrix H*, where I = which is (P4 @) x P selection matrix.

0

Follow with Mikhail (1972) Lemma 6:
Suppose A, B and C' are constant matrices of such dimensions that the various products

exists:
E{V' AVBV Ct1} = QOBQ trCtrA+ QB Oy tr(ACT) + Qatr(AC)tr(B'Q).  (C.4)

Hence, we can evaluate the expectation by using this lemma:

p T-1p T-1p
{ZZZZZZ\PJt VDY DV J, W H* Wy, V' D vl}
i=1 t=1 l=1 s=Il b=1 r=b
p T—-1p T-1 p T-1
=030 30 30 3D 3 DR Z8/N 0N AN 79: sl P A yQatr{D" }tr{D" D*}
i=1 t=1 =1 s=Il b=1 r=b
p T-1 p T—-1 p T-1
+Y S Y Wi Qe G H T Oyt { DY DD
1=1 t=1 =1 s=I] b=1r=b
T-1 T-1 T-1
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The first term equals to zero, since tr {D’J} =tr{D"} =0. The trace in the second

term would be:

, 0, t#s+r
tr{Dt DSD’“} = .
T—t, t=s+r
The trace in the third term becomes:
! / O? S # t+ r
tr {Dt DD’ } - .
T—s, s=t+r
Hence, finally, it has been shown that:
— B E{(WH W) H W 5y} (C.5)
p T—1 p T—1 p T—1

~
L

—EY YY)t { (W QU H (W 0) Q.

1=1 t=i [=1 r=[ b=i+ls=t+r

Collecting equation (C.3) and (C.5), Theorem 3 is proved. Notice that in section

’ -1
4.3 we define H* = {E(Z Z )} . It can be evaluated as follows. We start from
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Z/Z+E(W*'W*), then:

E(W*W+) =R
0
Using Mikhail (1972) lemma 6,we can write:
o n - / 0,

E(V'D'D*V) =Qtr{D"D*} =

Hence,
—/ — p p -1 \IIZ‘]t—iQJt—l\I/l
H ={ZZ+Y > > (T—
i=11=1t=i,l 0

SPosT g, VDt st ST DSy g 0 0

0

t#s
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C.2 Numerical Results

Table C.1 Bias approximation, MC OLS bias, MC COLS bias and BOLS; T=50, 100

T =50 T =100

Bias Approximation -0.0341(-19%) -0.0142 (8%)

i, =0.1774  MC OLS -0.0330 (-19%) -0.0146 (-8%)
MC COLS “0.0071(-4%) | -0.0020 (-1%)

BOLS -0.0107(-6%) | -0.0020 (-1%)

Bias Approximation -0.0387(150 %) -0.0211 (82%)

73, =0.0258  MC OLS -0.0375(-145%) | -0.0198 (-77%)
MC COLS “0.0041(-16%) |  -0.0010 (-4%)

BOLS 0.0122(-47%) | -0.0023 (-9%)

Bias Approximation -0.0301(-25 %) 0.0001 (0%)

1, =-0.1177 MC OLS -0.0254(-22%) 0.0004 (0%)
MC COLS -0.0032(-3%) -0.0005 (-1%)

BOLS 20.0109(-9%) | -0.0007 (-1%)

Bias Approximation -0.0109(-24%) | -0.0055 (-12%)

72, =0.0454  MC OLS 0.0100(-22%) |  -0.0053(-12%)
MC COLS -0.0005(-1%) | -0.0007(-2%)

BOLS -0.0050(-11%) -0.0007(-2%)

Bias Approximation -0.0119(-7 %) -0.0041 (-3%)

42, =0.1626  MC OLS -0.0132 (-8%) | -0.0056 (-3%)
MC COLS -0.0027(-2%) -0.0009 (-0%)

BOLS -0.0062(-4%) | -0.0015 (-1%)

Bias Approximation -0.0518(-67 %) | -0.0251 (-33%)

42, = —0.0768 MC OLS -0.0480 (-62%) | -0.0232 (-30%)
MC COLS 20.0097(-13%) | -0.0010 (-1%)

BOLS -0.0193(-25%) | -0.0041 (-5%)

Bias Approximation -0.0061(-15 %) -0.0015 (-4%)

73, = —0.0397  MC OLS -0.0056 (-14%) -0.0012 (-3%)
MC COLS 20.0010(3%) | -0.0004 (-1%)

BOLS -0.0014(-4%) | -0.0002 (-1%)

Continued on next page
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Table C.1 — continued from previous page

T =50 T =100

Bias Approximation -0.0135(-5%) -0.0043 (-2%)

43, =0.2487  MC OLS 20.0100 (-4%) | -0.0039 (-2%)
MC COLS -0.0042(-2%) | -0.0011 (-0%)

BOLS -0.0038(-2%) -0.0004 (-0%)

Bias Approximation 0.0172(+5%) 0.0023 (+1%)

43, =0.3400  MC OLS 0.0132 (+4%) |  0.0021 (+1%)
MC COLS 0.0031(+1%) |  -0.0002 (-0%)

BOLS 0.0037(+1%) |  -0.0002 (-0%)

Bias Approximation -0.0293(-77 %) | -0.0135 (-36%)

44, =0.0371  MC OLS -0.0235 (-63%) | -0.0126 (-34%)
MC COLS L0.0012(-3%) | -0.0020 (-6%)

BOLS -0.0093(-25%) | -0.0024 (-6%)

Bias Approximation 0.0041(+2 %) | -0.0023 (+1%)

74, =0.1751  MC OLS 0.0033 (+1%) | 0.0022 (+1%)
MC COLS 0.0017(+1%) | -0.0000 (+0%)

BOLS 0.0010(+1%) | -0.0000 (+0%)

Bias Approximation 0.0206(+13 %) 0.0088 (+6%)

74, =0.1584  MC OLS 0.0122 (+8%) | 0.0088 (+6%)
MC COLS 0.0029(+2%) |  0.0017 (+1%)

BOLS 0.0060(+4%) 0.0016 (+1%)

Bias Approximation 20.0.0301(-37 %) | -0.0139 (-17%)

711 =—0.0806 MC OLS -0.0233 (-29%) | -0.0101 (-13%)
MC COLS -0.0007(-1%) -0.0010 (-1%)

BOLS -0.0091(-11%) -0.0019 (-2%)

Bias Approximation -0.0041(-2 %) -0.0020 (-1%)

a1 =0.1697  MC OLS -0.0034 (-2%) | -0.0014 (-1%)
MC COLS -0.0009(-0%) | -0.0001 (-0%)

BOLS -0.0013(-1%) -0.0003(-0%)

Continued on next page
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Table C.1 — continued from previous page

T =50 T =100

Bias Approximation 0.0030(+2 %) 0.0006 (+0%)

m31 = —0.1414 MC OLS 0.0023 (2%) |  0.0006 (+0%)
MC COLS 0.0015(+1%) |  -0.0001 (-0%)

BOLS 0.0010(+1%) 0.0001(4+0%)

Bias Approximation 0.0000(+0 %) 0.0001 (0%)

741 =0.1482  MC OLS 20.0000 (-0%) | 0.0012 (+1%)
MC COLS 0.0003(+0%) |  -0.0003 (-0%)

BOLS 0.0001(+0%) | 0.0002 (+0%)

Bias Approximation 0.0009(+2 %) -0.0004 (-1%)

m51 = —0.0474 MC OLS 0.0005 (+1%) | -0.0004 (-1%)
MC COLS 0.0001(+0%) |  0.0000 (+0%)

BOLS 0.0003(+1%) |  -0.0001 (-0%)

Bias Approximation -0.0029(-12 %) -0.0010 (-4%)

61 = —0.0249  MC OLS 20.0032 (-14%) | -0.0006 (-2%)
MC COLS -0.0007(-3%) | +0.0003 (+1%)

BOLS 20.0011(-4%) | -0.0001 (-0%)

Bias Approximation 0.0102(+7 %) 0.0059 (+4%)

771 =0.1427  MC OLS 0.0086 (+6%) |  0.0043 (+3%)
MC COLS 20.0013(-1%) |  0.0010 (+0%)

BOLS 0.0031(+2%) |  0.0007 (-+0%)

Table C.1 presents the bias approximation of the 19 first reduced form coefficients (the
over-identification level of the structural form is L = 2) in the ordinary least square
estimator. It also reports the bias of the Monte Carlo ordinary least square estimator,

the bias of the corrected ordinary least square estimator, and the residual bootstrap

ordinary least square estimator. The sample size is 50 and 100 respectively.
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Table C.2 The MSE of OLS, COLS, BOLS; T=50, 100

T=50 | T=100

MSE of MC OLS 0.0072 | 0.0026
71, =0.1774

MSE of MC COLS 0.0060 | 0.0020

MSE of BOLS 0.0068 | 0.0025

MSE of MC OLS 0.0129 | 0.0054
v3; = 0.0258

MSE of MC COLS 0.0120 | 0.0049

MSE of BOLS 0.0125 | 0.0052

MSE of MC OLS 0.0750 | 0.0286
viy = —0.1177

MSE of MC COLS 0.0759 | 0.0279

MSE of BOLS 0.0771 | 0.0294

MSE of MC OLS 0.0049 | 0.0024
72, = 0.0454

MSE of MC COLS 0.0049 | 0.0022

MSE of BOLS 0.0051 | 0.0025

MSE of MC OLS 0.0122 | 0.0047
73, =0.1626

MSE of MC COLS 0.0117 | 0.0050

MSE of BOLS 0.0129 | 0.0049

MSE of MC OLS 0.0604 | 0.0223
73, = —0.0768

MSE of MC COLS 0.0521 | 0.0223

MSE of BOLS 0.0614 0.025

MSE of MC OLS 0.0067 | 0.0026
v3, = —0.0397

MSE of MC COLS 0.0068 | 0.0021

MSE of BOLS 0.0072 | 0.0027

MSE of MC OLS 0.0110 | 0.0048
v5, = 0.2487

MSE of MC COLS 0.0100 | 0.0043

MSE of BOLS 0.0119 | 0.0051

MSE of MC OLS 0.0484 | 0.0188
¥4, = 0.3409

MSE of MC COLS 0.0472 | 0.0190

MSE of BOLS 0.0497 | 0.0194

MSE of MC OLS 0.0057 | 0.0023
v =0.0371

MSE of MC COLS 0.0055 | 0.0020

MSE of BOLS 0.0055 | 0.0022

Continued on next page
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Table C.2 — continued from previous page

T=50| T=100
MSE of MC OLS 0.0091 0.0039
73, = 0.1751
MSE of MC COLS 0.0093 0.0031
MSE of BOLS 0.0095 0.0040
MSE of MC OLS 0.0542 0.0144
74, = 0.1584
MSE of MC COLS 0.0493 0.0137
MSE of BOLS 0.0545 0.0144
MSE of MC OLS 0.0053 0.0016
T = —00806
MSE of MC COLS 0.0051 0.0015
MSE of BOLS 0.0049 0.0015
MSE of MC OLS 0.0003 0.0001
mo1 = 0.1697
MSE of MC COLS 0.0002 0.0002
MSE of BOLS 0.0003 0.0001
MSE of MC OLS 0.0002 0.0001
w31 = —0.1414
MSE of MC COLS 0.0002 0.0001
MSE of BOLS 0.0002 0.0001
MSE of MC OLS 0.0005 0.0002
w41 = 0.1482
MSE of MC COLS 0.0003 0.0002
MSE of BOLS 0.0005 0.0002
MSE of MC OLS 0.0003 0.0001
T51 — —0.0474
MSE of MC COLS 0.0003 0.0001
MSE of BOLS 0.0003 0.0001
MSE of MC OLS 0.0005 0.0001
me1 = —0.0249
MSE of MC COLS 0.0005 0.0001
MSE of BOLS 0.0005 0.0001
MSE of MC OLS 0.0006 0.0001
w7 = 0.1427
MSE of MC COLS 0.0006 0.0001
MSE of BOLS 0.0006 0.0001

Table C.2 presents the mean squared errors of the 19 target coefficients
in least squares on three occasions (the uncorrected ordinary least
square estimator, the corrected ordinary least square estimator, and

the residual bootstrap ordinary least square estimator) in the pth

order reduced form. The sample size is 50 and 100 respectively.
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Appendix for the Note table

D.1 Other Experiments for 2SLS

Table D.1 Percentages of the bias of 2SLS estimation, when L= 4, 6; T=50,
70, 90, 100

L=4 L=6

T=50 T=70 T=9 T=100 | T=50 T=70 T=90 T=100

ady =0.36 -3% 8% 6% 5% 4% 8% 8% 8%
a3y =—0.38 - - - - 11% 25% 21% 19%
a3, =-0.20 -4% 51% 18% 7% - - - -

Table D.1 presents the trend of some related coefficients in certain cases. The over-
identification level is L =4,6. The sample size is 50, 70, 90 and 100 respectively. Note that
when L = 4, the bias of a3; decreases when sample size increases and so does a4;, when

L = 6. Hence these two are not in this abnormal case.
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Appendix for the Programming

Main Script

% Main

$MAX_SAMPLE_SIZE = 1000;
$matlabpool close force
$matlabpool open

clear all;

load 'exgenous.mat'

config.model (1) .Bi = [ 1.000 2.000 5.000 ;
1.110 1.000 8.000;

3.000 4.600 1.0001";

config.model (1) .Ail = [ 0.500 0.360 0.400 ;
0.560 0.620 0.900 ;

0.450 0.280 0.320 1';



158 Appendix for the Programming
config.model (1) .Ai2 = [ 1.200 0.600 0.380;

0.800 0.720 0.500;

0.820 0.900 0.7801";
config.model (1) .Ai3 = [ 0.65 1.200 0.380;

0.46 0.720 0.560;

0.800 0.310 0.740]";
config.model (1) .Ai4 = [0.500 0.600 0.200;

0.360 0.460 0.500;

0.200 0.580 0.7001";
config.model (1) .Ci = [ 1.000 0.600 0.5 0 0 0
0 0.00 .00 0.00 0.00;

1.000 0 0 0.750 0.24 0.35
0.68 0 .00 0.00 0.00;
1.000 0 0 0 0 0.00
0.00 0.15 0.58 0.331"';
% config.model (1) .Ci = [ 1.000 0.600 0.5 0 0 0
0.00 0. .00 5
% 1.000 0 0 0.750 0.24 0.35
0.00 0.00 ;
% 1.000 0 0 0 0 0
.15 0. 0.58 1"';

% config.model (1) .Ci = [ 1.000 0.600 0.5 0 0
0.00 0.00 ;
% 1.000 0 0 0.750 0.24
0.00 0.00 ;

.00
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o
°

0.15 0.86 1

config.model (1) .Sigma

config.eq
config.replications
config.bst

config.X

1.000

0

[ 0.3524 0.3448 0.3112;

0.3448 0.3668

0.3112 0.2984

1;
20000;
199;

X_N_MO_V1_B09;

%$Exgenous, Normal Distribution, Mean=0,

config.constT

config.dList

config.tList = [100]
$config.tlist = [50]

config.eList=[...
10001
10002
10003
30011
30021

30012

1i

doMonteCarlosSimulation (confiqg);

smatlabpool close

Monte Carlo Experiment

Variance=1,

o
°

0 0
0.2984;
0.40641];

AR (1)

1=Normal;

2=Uniform

Beta=0.9
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% domontecarlosimulation

function doMonteCarlosSimulation (confiq)

replications = config.replications; % number of replications

eq = config.eq; % esitmated equation

bst = config.bst; % number of bootstrapping
constT = config.constT; % with/without constant term

mListLen = length (config.model);

tListLen = length(config.tList);

dListLen = length(config.dList);

elistLen = length(config.elist);
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elList = config.elList;

for

zeros (mListLen,elListLen,tListLen,dListLen,17,14);

= zeros (eListLen,1l,r);

LAYER 1: Modelxxkkkkkkxkkkkkkkkkkkkkkkkkkktkkrk

mptr = l:mListLen

Bi = config.model (mptr) .Bi;

Ci = config.model (mptr) .Ci;
Ail = config.model (mptr) .Ail;

Ai2 = config.model (mptr) .Ai2;

Ai3 = config.model (mptr) .Ai3;

Ai4 = config.model (mptr) .Ai4;
Sigma = config.model (mptr) .Sigma;

Gammal = 1 x Ail/Bi;
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Gamma?2 = 1 * Ai2/Bi;

Gamma3 = 1 % Ai3/Bi;

Gamma4 = 1 * Ai4/Bi;

Pi = 1 * Ci/Bi;

Omega = Bi'\Sigma/Bi;

EigvVal = polyeig(Bi, Ail, Ai2, Ai3, Aid);
rho = chol (Omega) ;

% Get included (endogenous/lagged endogenous/exgenous) index

indX = find(Ci(:,eq) ~= 0);
indY = find(Bi(:,eq) ~= 0);
indY (eq, :) = [];

indLY = find(Ail(:,eq) ~= 0);
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indL2Y

indL3Y

indL4Y

[)

inxX0

exdX

exdX

[)

inxYO

exdY

exdY

find(Ai2 (:,eq) ~= 0);

find(Ai3 (:,eq) ~= 0);

find(Aid (:,eq) ~= 0);

% Ignore the index of (Ci) with row elements all equal to zero

find(sum(abs(Ci),2) ~= 0);

find (Ci(:,eq) == 0);

intersect (exdX, inxXO0);

% Ignore the index of (Bi) with row elements all equal to zero

find (sum(abs (Bi),2) ~= 0);

find(Bi(:,eq) == 0);

intersect (exdY, inxYO);
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% Ignore the index of (Ai)

inxLYO

exdLY

exdLY

inxL2YO

exdL2Y

exdL2Y

inxL3YO

exdL3Y

exdL3Y

inxL4YO

exdL4Y

find (sum(abs (Ail), 2)

with row elements all equal to zero

find(Ail (:,eq) == 0);

intersect (exdlY,

0);

inxLYO) ;

find (sum(abs (Ai2), 2)

find(Ai2 (:, eq)

intersect (exdL2Y,

== 0);

find (sum(abs (Ai3),2)

find (Ai3(:,eq)

intersect (exdL3Y,

== 0);

find (sum(abs (Aid),2)

find (Aid (:,eq)

== 0);

0);

inxL2YO) ;

0);

inxL3YO) ;

0);
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exdL4Y = intersect (exdL4Y, inxL4YO);

% Coefficients (True value) of estimated equation

deltal = 1% [Bi(indY, eq); Ail(indLY, eq);Ai2 (indL2Y,

eq) ;A1i3 (indL3Y, eq);Ai4d (indL4Y, eq); Ci(indX, eq)];

deltallen = length(deltal);

K = length([indX; exdX ]);

G = length([indY; exdY]) + 1;

J = length([indLY; exdLY¥; indL2Y¥; exdL2Y¥Y; indL3Y; exdL3Y; indL4Y;
exdL4Y]) ;
k = length (indX );

g = length(indY);

J = length([indLY; indL2Y; indL3Y; indL4Y] ) ;

L= (K+J (k+73) g
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$S+«% LAYER 2: Sample S1ZE Kk k ok kk ok Kk kok ok k ok ok Kk &k ok Kk k ok Kk Kk ok ok ko ok Kk ko k ok ok ok ok ok ok ok ok ok ok ok

for tptr = 1l:tListlLen

T = config.tList (tptr);

rw = 200; % runway length

if constT == 1

cX = config.X (rw+l:T+rw, 1:K);

[

% below is for calculation of expected inital value of Y

mX=mean (cX) ;

ftX = config.X(rw T+l:rw,1:K);

else

cX = config.X(rw+l:T+rw,2:K+1);
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% below is for calculation of expected inital value of Y

mX=mean (cX) ;

ftX = config.X(rw T+l:rw,2:K+1);

end

X1l = cX(:,indX);

X2 = cX(:,exdX);

Sx+x LAYER 3: DistribDUbtiOns %% %%k *k*kk k& &k kK kK kkKkkkk &k ok ok ok ok ok kkkkx*

for dptr = 1l:dListLen

dist = config.dList (dptr);
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% Below is for calculation of expected starting value of Y

% instead of setting as zero or other arbitrary choice.

Iy=eye (3);

mY= (mX+Pi) / (Iy Gammal Gamma2 Gamma3 Gammai) ;

13my0 =mY;

12my0 =mY;

Imy0 =mY;

my0 =mY;

y0l=zeros(T,G);

for i=1:10000

[templl, ~, ~, ~ , ~ ] = gen¥(1l3my0,12my0, lmy0,my0, ftX, rho,

Gammal, Gamma?2, Gamma3, Gammad4, Pi, T, G, dist) ;

y0l =yOl+templl;

end
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y0=y01(T,:)/10000;

1y0 =y01(T1,:)/10000;

12y0 =y01(T2,:)/10000;

13y0 =y01(T3,:)/10000;

Sx+x LAYER 4: Simulation # %%k k% kK kkkkkkk ok ok ok ok Kk Kk Kk k& k& & ok ok ok % % %k % % % % %
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V = zeros(deltallen,elistlLen, replications);

R = zeros(2,elistlLen,replications);

tic
h=waitbar (0, 'please wait...'");
for rptr = l:replications

waitbar (rptr/replications)

[y, LY, L2Y, L3Y, L4Y ] = genY(13y0,12y0,1y0,y0, X,

rho, Gammal, Gamma2, Gamma3, Gamma4, ©Pi, T, G, dist);

Y = Y(:,eq);

Y2 =Y;

Y2 (:,eq) = [1;

Lyl = LY (:,indLY);
L2v1 = L2Y (:, indL2Y);
L3v1 = L3Y(:,indL3Y);

L4yl = LAY (:,indL4Y);
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LY1X1 [LY1l L2Y1 L3Y1l L4Y1l X11;
LYX = [LY(:, [indLY exdLY]) L2Y(:, [indL2Y
exdL2Y]) L3Y(:, [indL3Y exdL3Y]) L4Y(:, [indL4Y exdL4Y])

X];

for eptr = l:elistLen

switch elList (eptr)

case 10001; [V(:,eptr,rptr), R(:,eptr,rptr) ]

=c2SLS( y, Y2,LY1X1l, LYX);

case 10002; [V(:,eptr,rptr), R(:,eptr,rptr) ]
=Cc28LS( vy,Y, Y¥Y2,LY1X1, LYX,13y0, 12y0, 1ly0 ,yO,
X, X1, G, g, K, k, j, indy,

indLY, indL2Y, indL3Y, indL4Y, T)

case 10003; [V(:,eptr, rptr), R(:,eptr,rptr)] =
c2SLS_boot ( y0,1y0,12y0,13y0,vy,Y, Y2,LY1X1, LYX,
ftX, X,mX,Iy, X1, indLY, exdLY, indL2Y, exdL2Y,

indL3Y, exdL3Y, indL4Y, exdL4Y, T,qg,G, bst );
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case 30011; [V(:,eptr,rptr), R(:,eptr,rptr)]

=fuller(y, Y2, LYX, LY1X1, T, 1/(T K J));

case 30021; [V(:,eptr,rptr), R(:,eptr,rptr)]

=fuller(y, Y2, LYX, LY1X1, T, 4/(T K J));

case 30012; [V(:,eptr,rptr), R(:,eptr,rptr)]

=cfuller(cfuller(y,Y, Y2,LY1X1, LYX,13y0, 12yO0,

1ly0 ,vy0, X, X1, G, g, K, k, j, indy,

indLY, indL2Y, indL3Y, indL4Y, T, adj), 1/(T K));

otherwise;

end

end

end

close (h)

toc

a = getApproximation(13y0, 12y0, 1ly0 ,y0,ftX, X, X1,

Gammal, GammaZ2, Gamma3, Gamma4,Bi, Omega, Sigma,
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Pi/ GI gl K/ k/
J,Jj, indY, indLY,indL2Y,indL3Y,indL4Y,elist, T,

eq);

N>

O(mptr, :,tptr,dptr, :, :

getInfo (V,R,deltal);

O(mptr, :,tptr,dptr, :,2) = a;

ahat = reshape (O (mptr, :,tptr,dptr, :,4),

elListLen,deltallLen);

O(mptr, :,tptr,dptr, :,3) = ((a ahat) ./abs (ahat) ) +x100;

B = reshape (O (mptr, :,tptr,dptr,:,:),elistlLen,deltallen, 14);

printResult (mptr, eq, T, replications, bst, constT,
dist, L, Bi, Ail, Ai2, Ai3,Aid, Ci, Gammal,

Gamma2, Gamma3, Gamma4, Pi, Sigma,
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Omega, EigVal, B, elList)

end

end

end

date_string = datestr (now(), 'yyyymmdd HHMMSS');

savefile = ['output' ' (' date_string ').mat'];

save (savefile, '0');

end

function A = getInfo(V, R, deltal)

elistLen = size(V(:,:,1),2);

clListlLen = size(V(:,:,1),1);
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[

% Total 13 things to be reported.

A = zeros(elListlen,cListLen, 14);

for eptr = l:elistLen

for cptr = l:cListLen

tmp = V(cptr,eptr,:);

A(eptr,cptr,1) deltal (cptr);

A (eptr,cptr, 4) mean (tmp) deltal (cptr);

A (eptr,cptr,5) = ((mean (tmp)

deltal (cptr)) /abs (deltal (cptr)))=100;

A(eptr,cptr, 6) = std(tmp);
A (eptr,cptr,7) = max (tmp) ;
A (eptr, cptr, 8) = min (tmp) ;
A (eptr,cptr, 9) = median (tmp) deltal (cptr);

A(eptr,cptr,10) igr (tmp) ;

A(eptr,cptr,11) = mean ( (tmp deltal (cptr)).”2);
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A(eptr,cptr,12) = mean(R(1l,eptr,:));
A(eptr,cptr,13) = mean (R(2,eptr,:));
A (eptr,cptr, 14) = var (tmp) ;
end
end
end
function [b, I] = c2SLS( y, Y2,LY1X1l, LYX)
Y = [y Y2];

%$GP_hat = LYX\Y;

o\

Gamma_hat = GP_hat (1:G, :);
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o\

V2 =

o
<

UL =

UR

LL =

LR

b =

Pi_hat = GP_hat (G+1l:end, :)

Y2  LYX#x (LYX\Y2);

=Y LYX+xGP_hat;

= V(:,2:end);

Y2'xY2 V2'#V2;

Y2'%LY1X1;

UR';

LY1X1'#LY1X1;

([UL UR; LL LRI)\N([ (Y2

V2) "xy;

LY1X1'"*y]l);
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I (1)= 0;
ST =1 (V2'%V2) / (Y2'*MxY2) ;
end
function [b, I] = Cc2SLS( vy,Y, Y2,LY1X1, LYX,13y0, 12y0, 1y0 ,y0, X, X1, G, g,

K, k, j, indY, indLY,indL2Y,indL3Y, indL4Y, T)

o

N

H
Il

c2SLS( vy, Y2,LY1X1l, LYX);

GP_hat

LYX\Y;

Gammal_hat=GP_hat (1:G, :);

GammaZz_hat=GP_hat (G+1:G+G, :);

Gamma3_hat=GP_hat (G+G+1:G+G+G, :) ;

Gamma4_hat=GP_hat (G+G+G+1:7, :);

Pi_hat=GP_hat (j+l:end, :);

vV =YX LYX*GP_hat;
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R = [Y2 LYIX1];

phi = V'« (y  Rxb)/T;

Omega_hat = V'xV;

a = Dynamic_2SLS_LT_bias_approximation(13y0, 12y0, 1ly0O ,y0, X, X1,
Gammal_hat, Gamma2_hat, Gamma3_hat, Gamma4_hat, Omega_hat,phi, Pi_hat, G,

g, K, k,Jj, indY¥, indLY,indL2Y, indL3Y, indL4Y, T);

b = Db aj;
I (1)= 0;
$I =1 (V2'%xV2)/(Y2'"*M*Y2) ;

end
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function [b, I] = fuller(y, Y2, LYX, LY1X1, T, adj)
Yd = [y Y2];
YdtYd = Yd'=xYd;

SWsdd = Yd' *» Yd Yd' x* X1 * inv(X1' * X1) %= X1' x Yd; %$#ok<MINV>

Wsdd = YdtYd (Yd'" *LYIX1/(LY1IX1'" * LY1X1)*LY1X1' * Yd );
$Wdd = Yd' = Yd Yd' » X * inv (X' * X) x X' x Yd;
wWdd = Ydtyd (Yd"'" *LYX/(LYX' % LYX) * LYX' % Yd );

$lambda = min(eig(inv (Wdd) * Wsdd));

lambda = min(eig( Wsdd/wdd));

lambda = lambda adij;
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[b, I] = kClass(y, Y2, LYX, LY1X1, lambda, T);

end

function [b, I] = cfuller(y,Y, Y2,LY1X1, LYX,13y0, 12y0, 1y0 ,y0, X, X1, G, g,

K, k, j, indY, indLY, indL2Y, indL3Y, indL4Y, T, adj)

[b, I] = cfuller(y, Y2, LYX, LY1X1, T, adj);

GP_hat = LYX\Y;

Gammal_hat=GP_hat (1:G, :);

Gamma?2_hat=GP_hat (G+1:G+G, :);

Gamma3_hat=GP_hat (G+G+1:G+G+G, :) ;

Gamma4_hat=GP_hat (G+G+G+1:7, :);

Pi_hat=GP_hat (j+l:end, :);

V=Y LYXxGP_hat;

2s)
Il

[Y2 LY1X1];

phi = V'« (y  Rxb)/T;

Omega_hat = V'xV;

af = Dynamic_Full_LT bias_approximation(13y0, 12y0, 1ly0O ,y0, X, X1,
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Gammal_hat, Gamma2_hat, Gamma3_hat, Gamma4_hat, Omega_hat,phi, Pi_hat, G,

g, K, k,3J, indY, indLlY,indL2Y¥, indL3Y, indL4Y, T);

end

function [b, I] = c2SLS_boot( y0,1y0,12y0,13y0,vy,Y, Y2,LY1X1, LYX, ftX,

X,mX,Iy,X1l, indLY, exdLY, indL2Y, exdL2Y, indL3Y, exdL3Y, indL4Y, exdL4Y,

T,g9,G, bst )

[bl, I1] = c2SLS( y, Y2,LY1X1l, LYX);

GP_hat=LYX\Y;

Gammal_hat= GP_hat (1:G, :);

GammaZ2_hat= GP_hat (G+1:G+G, :);
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Gamma3_hat= GP_hat (G+G+1:G+G+G, :) ;

Gamma4_hat= GP_hat (G+G+G+1:G+G+G+G, 1) ;

Pi_hat=GP_hat (G+G+G+G+1l:end, :);

mYS= (mX+xPi_hat)/ (Iy Gammal_hat Gamma2_hat Gamma3_hat Gamma4_hat) ;

13my0Os =mYS;

12my0s =mYS;

ImyOs=mYS;

myOs=mYS;

y01l_star=zeros (T, G);

y01l1l_star=zeros(T,G);

VI =Y LYX*GP_hat;

for i=1:1000
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y0l_star(l, :)=[13my0s 12myOs 1lmyOs

myOs ftX (1, :)]*GP_hat+VI(1l,:);

y0l_star(2,:)=[12my0Os 1lmyOs myOs yO0l_star(l, :)

ftX (2, :)1*GP_hat+VI (2, :);

y0l_star(3,:)=[1lmy0Os myOs y0l_star(l,:) y0l_star(2,:)

ftX (3, :)1*GP_hat+VI (3, :);

y0l_star (4, :)=[my0Os y0l_star (1, :)

y0l_star(2,:) y0l_star(3,:) ftX(4,:)]*GP_hat+VI(4,:);

for t=5:T

y0l_star(t,:)=[ y0l_star(tl,:) yO0l_star(t2,:)

y0l_star(t3,:) y0l_star(td,:) ftX(t,:)]+GP_hat+VI(t,:);

end

y01ll_star=y01l_star+y0l_star;

end

y0_star=y011_star(T,:)/1000;

1ly0_star=y011_star(T1,:)/1000;
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12y0_star=y011_star (T2, :)/1000;

13y0_star=y011_star(T3,:)/1000;

y0_star=y0;

1ly0O_star=1y0;

12y0_star=12y0;

13y0_star=13y0;

GP2_hat =LYX\Y2;
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Appendix for the Programming

V2 = Y2 LYX*GP2_hat;

$Y2_hat = Y2 V2;

Ul =y [Y2 LY1X1]+bl;
% y_hat=[Y2_hat LY1X1]xbl Ul;
b_star = zeros(bst, size(bl,1));

I_star zeros (bst, 2);

LY_star = zeros (T, gt+l);

y_star = zeros (T, 1);

Y2_star = zeros(T, qg);



187

for p = 1l:bst

inx = randi(T,T,1);

V2_star = V2 (inx, :);

Ul_star = Ul (inx, :);

Y2_star(l,:) =[yO_star(l, indLY) 1lyO_star(l, indL2Y) 12y0_star (1,

indL3Y) 13y0_star(l, indL4Y) X (1,:)]x*GP2_hat+ V2_star(l,:);

y_star(l,:) = [Y2_star(l,:) yO_star(l, indLY) 1lyO_star(l, indL2Y)

12y0_star(l, indL3Y) 13y0_star(l, indL4Y) X1(1,:)]l1xbl + Ul_star(l,:);
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LY _star(l, :) = [y_star(l,:) Y2_star(l,:)];

Y2_star(2,:) = [LY_star(l, [indLY exdLY]) yO_star(l, [indL2Y exdL2Y])
lyO_star(l, [indL3Y exdL3Y]) 12y0_star(l, [indL4Y exdL4Y])

X(2,:)]1*GP2_hat + V2_star(2,:);

y_star(2,:) = [Y2_star(2,:) LY_star(l,indLY) yO_star(l, indL2Y)

1ly0_star(l, indL3Y) 12y0_star(l, indL4Y) X1(2,:)]1xbl + Ul_star(2,:);

LY _star(2, :) = [y_star(2,:) Y2_star(2,:)];

Y2 _star(3,:) = [LY_star (2, [indLY exdLY]) LY star(l, [indL2Y exdL2Y¥])
yO_star(l, [indL3Y exdL3Y]) 1lyO_star(l, [indL4Y exdL4Y])

X(3,:)]1*GP2_hat + V2_star (3, :);

y_star(3,:) = [Y2_star(3,:) LY_star (2, indLY) LY_star(l,indL2Y)

y0_star(l, indL3Y) 1lyO_star(l, indL4Y) X1(3,:)]1*bl + Ul_star(3,:);

LY _star(3, :) = [y_star(3,:) Y2_star(3,:)];

Y2_star(4,:) = [LY_star (3, [indLY exdLY]) LY _star (2, [indL2Y exdL2Y¥])
LY_star(l, [indL3Y exdL3Y]) yO_star(l, [indL4Y exdL4Y]) X (4, :)]1*GP2_hat

+ V2_star (4, :);

y_star(4,:) = [Y2_star(4,:) LY_star (3, indLY) LY_star (2,indL2Y)

LY _star(l, indL3Y) yO_star(l, indL4Y) X1(4,:)]1+bl + Ul_star(4,:);
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LY _star(4, :) = [y_star(4,:) Y2_star(4,:)];
for t = 5:T
Y2_star(t, :) = [LY_star(tl, :) LY star(t2, :) LY_star(t3, :)
LY star(t4d4, :) X(t,:)]xGP2_hat + V2_star(t, :);
y_star(t,:) = [Y2_star(t,:) LY_star(tl, indLY) LY_star(t2, indL2Y)

end

LYS

LY_star(t 3, indL3Y) LY_star(t4, indL4Y) X1(t,:)]*bl +

Ul_star(t,:);

LY _star(t, :) [y_star(t,:) Y2_star(t,:)];

= [yO_star(indLlY); LY star(l:T1,:)1;

L2YS= [lyO_star; yO_star; LY _star(l:T2,:)1;



190 Appendix for the Programming

L3YS=[12y0_star; 1lyO_star; yO_star; LY_star(1:T3,:)1;

L4YS=[13y0_star; 12y0_star; 1ly0O_star; y0_star;

LY star(1:T4,:)1;
% LYY _star = [LYS L2YS L3YS L4YS];
LYX _star = [LYS(:, [indLY exdLY]),L2YS(:, [indL2Y exdL2Y]),

L3YS(:, [indL3Y exdL3Y]),L4YS(:, [indL4Y exdL4Y]), XI;

LY1X1 _star = [LYS(:,indLY),L2YS(:, indL2Y),

L3YS (:,indL3Y),L4YS (:,indL4Y) X17];

[b_star(p,:), I_star(p,:) ] = c2SLS( y_star, Y2_star,LY1X1l_star,

LYX_star);

end

b = 2+xbl" mean (b_star) ;

I(l) = mean(I_star(l,:));

%$I(2) = mean(I_star(2,:));

end
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function printResult (m, eq, T, replications, bst, const, dist, L, Bi, Ail, AiZz,

Ai3,Ai4, Ci, Gammal,GammaZ2,Gamma3, Gamma4, Pi, Sigma, Omega, EigVal, B, elList)

elListLen = length(B(:,1,1));

cptrLen = length(B(1,:,1));

date_string = datestr (now(), 'yyyy mm dd HHMMSS');

fname = ['M',num2str(m), '_L', num2str (L), '_N',num2str(T),

' B',num2str(bst), '_',num2str(dist), ' (',date_string, ")', '.txt'];
fileID = fopen (fname, 'w');
%$filelID 1;

fprintf (fileID, [date_string, '\r\n']l);

fprintf (£ileID, "\r\n');

fprintf (fileID, 'Elapsed time is %.4f seconds. \r\n', toc );

fprintf (filelID, '"\r\n');
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fprintf (fileID, 'Equation(%d) N(%d) R(%d) Boot(%d) ConstT (%d) Dist (%d)

L(%d) \r\n', eq, T, replications, bst, const, dist, L);

fprintf (fileID, 'S$s\r\n', '");
fprintf (filelID, 'endogenous (structural) = \r\n');
ftmp = [repmat ('%$+2.4f ', 1, size(Bi',2)), "\r\n'];

fprintf (fileID, ftmp, transpose(Bi'));

fprintf (£ileID, "\r\n');

fprintf (filelD, 'lagged endogenous |exgenous (structural) = \r\n');

ftmp = [repmat ('%$+2.4f ', 1, size([Ail; Ai2; Ai3; Ai4; Ci]',2)),
"\r\n'];

fprintf (fileID, ftmp, transpose([Ail;Ai2;Ai3;Ai4; Cil'"));

fprintf (filelID, '"\r\n');

fprintf (filelD, 'lagged endogenous |exgenous (reduced) = \r\n');
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ftmp = [repmat ('$+2.4f ', 1, size([Gammal; GammaZ2; Gamma3; Gammai;

Pi]',2)), '\r\n'];

fprintf (£ileID, ftmp, transpose([Gammal; GammaZ2; Gamma3;

Gamma4; Pil'"));

fprintf (£ileID, "\r\n');

fprintf (filelID, 'Sigma = \r\n'");

ftmp = [repmat ('%$+2.4f ', 1, size(Sigma,2)), '\r\n'];

fprintf (£ileID, ftmp, transpose(Sigma)) ;

fprintf (fileID, "\r\n');

fprintf (filelID, 'Omega = \r\n');

ftmp = [repmat ('$+10.4f ', 1, size(Omega,2)), '\r\n'l;

fprintf (fileID, ftmp, transpose (Omega)) ;

fprintf (£ileID, "\r\n');

fprintf (filelID, 'Eign roots = \r\n'");
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ftmp = [repmat ('%$+2.4f ', 1, size(Eigval,2)), '\r\n'];

fprintf (fileID, ftmp, transpose(EigVal));

fprintf (£ileID, "\r\n');

for p = l:cptrlen

fprintf (£fileID, "% 11s', 'Coefficient');

fprintf (£filelID, ' (%1.£)"', p);

fprintf (filelID, '$10s', '");

Sfprintf (filelID, '$14s', '');

fprintf (filelID, '%$8s', 'True');

fprintf (filelID, '$17s', 'Approx.');

fprintf (£fileID, '$20s', 'Bias');

$fprintf (£fileID, '$5s"', '(R)'");

fprintf (£fileID, '$19s"', 'Std');

fprintf (£fileID, '$12s', 'Max');

fprintf (£fileID, '$12s', 'Min');
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fprintf (fileID, '$13s', 'Median');
fprintf (filelID, "$11s', 'IQR');
fprintf (filelID, '$14s', 'Mse');
$fprintf (filelID, '$5s', '(R)');
fprintf (fileID, "$13s', 'R1');
fprintf (£ilelID, '$11s', 'R2');
fprintf (£ilelID, '$13s', 'Var');

fprintf (filelID, "\r\n'");

fprintf(fileID,'=========================:===========:=======::===:::

===");

fprintf(fileID,'== ===== ESE e

o\

meanInx = abs(B(:,p,4));

[dummy, meanInx] = sort (meanlInx);
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[dummy, meanInx] = sort (meanlnx);

mselnx = abs (B(:,p,11));

[dummy, mselInx] = sort (mselnx);

[dummy, mseInx] = sort (mselnx);

o\
—

for g = l:elistLen

fprintf (£ileID, "$25s', getName (eList (q)));

fprintf (£ileID, '%8.4f', B(q,p,1));

fprintf (£ileID, '%12.4f',B(q,p,2));

fprintf (fileID, ' (%+4.0£%%)',B(q,p,3));

fprintf (fileID, ")

fprintf (fileID, ' (%2.0f) %6.4f', meanInx(qg), B(g,p,4));

$fprintf (fileID, '%$12.4f (%2.0f)', B(g,p,4), meanInx(q));

Sfprintf (fileID, '%12.4f',B(q,p,4));
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o\

fprintf (£ileID, ' (%+4.0£%

)"y B(a,p,5));

fprintf (£ileID, '%12.4f', B(q,p,6));

fprintf (fileID, '%12.4f', B(q,p,7));

fprintf (fileID, '%12.4f', B(q,p,8));

fprintf (fileID, '%12.4f', B(q,p,9));

fprintf (fileID, '$12.4f', B(g,p,10));

Sfprintf (fileID, '%12.4f', B(q,p,11));

fprintf (fileID, ' ")

fprintf (£ileID, ' (%2.0f) %6.4f', mselnx(q), B(gq,p,11));

fprintf (£ileID, '%12.4f', B(q,p,12));

fprintf (fileID, '%12.4f', B(q,p,13));

fprintf (fileID, '%12.4f', B(q,p,14));

fprintf (fileID, '\r\n');

end
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fprintf (£ileID, '\r\n');

end

fclose (filelD) ;

end

function estName = getName (est)

switch est

case 10001; estName='2SLS 'y
case 10002; estName='C2SLS -
case 10003; estName = '2SLS_Dbt A
case 30011; estName='FLIML (1) -

case 30021; estName='FLIML (4) -
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case 30012; estName = 'CFLIML 'y

otherwise;

end

end

function X = genX (T, k, constT, dist, beta)

switch dist

case 1; X randn (T ,k);

case 2; X sqgrt (12) /2 + sqrt(12).*rand(T, k);

otherwise;

end
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for i = 2:T

X(i,:) = beta » X(11,:) + X(i,:);

end

if constT ==

end

end

function [Y, LY, L2Y, L3Y, L4Y ] = genY¥(13y0,12y0,1y0,vy0, X, rho, Gammal,

Gamma?2, Gamma3, Gamma4, Pi, T, G, dist)

switch dist

case 1l; e = randn(T, G);
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end

Vb

case 2; e = sqgrt(l2)/2 + sqgrt(l1l2).xrand(T, G);
otherwise;

exrho';

zeros (T, G);
XV = X+xPi + Vb;
Y (1, = 13y0xGamma4+12y0*xGamma3+lyOxGamma2+yO0+Gammal + XV (1, :);
Y (2, = 12y0xGamma4+lyOxGamma3+y0+«Gamma2+Y (1, :) xGammal + XV (2, :);
Y (3, = lyOxGamma4+yOxGamma3+Y (1, :) xGamma2+Y (2, :) *Gammal + XV (3, :);
Y (4, = y0+xGamma4d+Y (1, :) «Gamma3+Y (2, :) xGamma2 +
Y (3, :)*«*Gammal+ XV (4, :);
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$Y(t,:) = Y(tl, :)+*Gamma + X(t,:)*Pi + Vb(t,:);

Y(t,:) = Y(tl, :)+*Gammal+Y (t2, :) xGamma2+Y (t 3, :) *Gamma3+

Y(td, :)«Gammad+XV (t, :);

end

SLY = [y0; Y(1:T1,:)1;

LY

[yO; Y(1:T1,:)1;

L2Y [1y0; yvO; Y(1:T2,:)1;

L3Y= [12y0; 1y0; vyvO0; Y(1:T3,:)1;

L4Yy= [13y0; 12y0; 1y0; vyvO0; Y(1:T4,:)1;

end

function [Yb, LYb, L2Yb, L3Yb, L4Yb] = gen¥Yb(13y0,12y0,1ly0,y0, X, Gammal,

GammaZ2, Gamma3, Gamma4,Pi, T, G)

Yb = zeros (T, G);

Yb(1l,:) =13y0*Gammad+12y0xGamma3+ly0*xGamma2+yO0xGammal + X (1, :)xPi;

Yb(2,:) = 12y0+xGammad+1y0+xGamma3+y0*«Gamma2+Yb (1, :) xGammal
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+ X(2,:)*Pi;

Yb(3,:) = lyOxGammad+yOxGamma3+Yb (1, :) *Gamma2+Yb (2, :) *Gammal

+ X (3,:)*Pi;

Yb(4,:) = y0*xGammad+¥b (1, :)*Gamma3+Yb (2, :) *Gamma2 +

Yb (3, :) *Gammal+ X (4, :)*Pi;

Il
a1
H

for t

Yb(t,:) = Yb(tl, :)*Gammal+Yb(t2, :) *Gamma2+Yb (t 3, :) *Gamma3+

Yb(t4d, :)~Gammad + X(t,:)*Pi;

end

LYb = [y0; Yb(1:T1,:)];

L2Yb= [1ly0; yO0; Yb(l1:T2,:)];

L3Yb= [12y0; 1y0; vyO0; Yb(1:T3,:)1;

L4Yb= [13y0; 12y0; 1y0; vyO0; Yb(1:T4,:)]1;

end

function a = Dynamic_2SLS_LT_bias_approximation(13y0, 12y0, 1ly0 ,y0, X, X1,
Gammal, GammaZ2, Gamma3, Gamma4, Omega,phi, Pi, G, g, K, k,3j, indy,

indLY, indL2Y, indL3Y, indL4Y, T)
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JJ =cell(T,1);

JJ{1,1l}=eye(G,G);

JJ{2,1}=Gammal;

JJ{3, 1l}=Gamma2+Gammal+JJ{2,1};

JJ{4,1}=Gamma3+Gamma2+JJ{2,1}+Gammal+~JJ{3,1};

JJ{5, 1}=Gammad+Gamma3+*JJ{2,1}+Gamma2+JJ{3,1}+Gammal+~JJ{4,1};

JJ{6,1l}=Gammad+*JJ{2, 1} +Gamma3+xJJ{3, 1} +Gamma2+JJ{4,1}+Gammal+~JJ{5,1};

for i=7:T

JJ{i,l}=Gammad4+JJ{(i4),1}+Gamma3+JJ{(i3),1}

+Gammaz2+*JJ{ (12) , 1} +Gammal«JJ{(i1),1};

end

e=cell(4,1);

[e{1:4, 1}] = deal(zeros(G));

el=cell(4,1);

[el{1:4, 1}] = deal(zeros(G));
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D= diag(ones(1,T1), 1) ;

d_hat_t=cell(T1,1);

d_hat_r=cell(T1,1);

for t = 1:T1

d_hat_t{t, 1}

D"t;

end

for r = 1:T 1

d_hat_r{r,1} = D"r;

end
Qw = zeros(Jj,J);
for 1=1:4;

e{l,1}=eye(G);

e=cell2mat (e);



206 Appendix for the Programming

for h=1:4

el{h, l}=eye (G);

el=cell2mat (el);

for t = 1:T1

Qw2 =ex* (JJ{t 1+1,:})"';

for r=h:T 1

Qwl =trace((d_hat_t{t,1} )'x(d_hat_r{r,1}));

Qw = Qw + Qw2+xOmegaxQwlx (JJ{r h+1l,:})*el’;

end

end

el= mat2cell (el, [G, G, G,G]);

[el{1:4, 1}] = deal(zeros(G));

end
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e= mat2cell(e, [G, G, G,G]l);

[e{1:4, 1}] = deal(zeros(G));

end

[Yb, LYb, L2Yb, L3Yb, L4Yb] = genY¥b(13y0,12y0,1y0,y0, X, Gammal,

GammaZ2, Gamma3, Gamma4,Pi, T, G);

Y2b = Yb(:,indY);

LYlb = LYb(:,indLY);

L2Y1b

L2Yb (:, indL2Y) ;

L3Y1lb = L3Yb(:,indL3Y);

L4Y1lb = L4Yb (:,indL4Y);

Rb = [Y2b LY1lb L2Y1lb L3Y1lb L4Y1lb X1];

Zb = [LYb L2Yb L3Yb L4Yb X];
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I12s = [eye(4xG); zeros (K, 4+G)];

Qz = Zb'*xZ2b + [Qw zeros (G+G+G+G, K) ;

zeros (K, G+G+G+G) =zeros (K, K)]I;

Qz = Qz\eye(size(Qz));

Qzs = I2s'xQz=*I12s;

o\°

Gammal2=Gammal (:, indY) ;

o\°

Gammaz2=Gammaz2 (:, indY¥) ;

o\

Gamma32=Gamma3 (:, indY) ;

o

Gamma42=Gammad (:, indY) ;

Gammas2=[Gammal (:, indY) ; Gamma2 (:, indY) ; Gamma3 (:, indY) ; Gamma4 (:, indY) ];

Ed2d2 =[ Gammas2'*QwxGammas?2 Gammas2'xQw zeros(g,k);

Qw+Gammas2 Qw zeros (4xG,k);

zeros (k,qg) zeros(k,j) zeros(k,k)]1;
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Qs = Rb'+xRb + Ed2d2;

Qs =Qs\eye (size (Qs));

I4 = eye(G);

B = [I4(:,indY) zeros(G,j+k)];

psi=B'xphi;

I1 = eye(J);

A = [Gammas2 Il zeros (G+G+G+G,k)];

—
Il

eye (g+j+k);
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Tl = zeros(g+j+k,1);

T2 = Tl1l; T3 = Tl; T4 = T1; T5 = Tl; T6 = T1l; T7 = Tl; T8 = T1;

T9

T1; T10 = T1; T11 = T1; T12 = T1; T14=T1;T13 = T1l; T15 = T1;

Tle = Tl; T17 = T1l; T18 = T1l; T19=T1;T20=T1;

T21=T1;T22=T1;

Tl = (Rb'*Zb*Qz*xZb'*Rb*Qs + (trace (Zb*xQz*Zb'+xRb*Qs*«Rb') *I)) *xpsi;

T5 = ( (trace(Qw*xI2s'xQz+Zb'*Rb*Qs*A')*xI) +

Rb'"*Zb*xQz*I25*QwxA*xQs + A'xQw*I2s'xQz*Zb'+xRbxQs ) *psi;

T8 = (A'*xQwxQzs*QwxAxQs + (trace (QwxQzs*QwxAxQs*A')*I))*psi;

Tl4=(trace (Qw*Qzs) +I) xpsi;

el=cell (4,1);

er=cell(4,1);
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ek=cell (4,1);

[el{1:4, 1}] = deal(zeros(G));
[er{1l:4, 1}] = deal(zeros(G));
[ek{1:4, 1}] = deal(zeros(G));

AQs = AxQs;

AQsA_ = AQsxA';
AQsB_ = AQs«*B';
AQsRb_ = AQs*Rb';

RbQs_A_ =AQsRb_';

BOs = B=*Qs;

BQsA_ = BQsxA';

BOsRb_ = BQs*Rb';

RbQs = Rb*Qs;
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RbQsB_ = RbQs*B';

RbQsRb_ = RbQsx*Rb';

ZbQz = Zb=*Qz;

ZbQzI2s = ZbQz*xI2s;

I12s_Qz7Zb_ = ZbQzI2s';

ZbQzzb_ = ZbQz*Zb';

B_Omega = B'=*Omega;

for 11=1:4

el{ll,1l}=eye(G);

el=cell2mat (el);

for t = 11:T 1
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T2a

T2b

T2

T3c

T4b

Tob

To6c

T7a

T9b

T10a

Tlla

Tl2a

Tl2c

T12f

T20a

T

Rb'xd_hat_t{t,1}*RbQs;

trace (Rb'*d_hat_t{t,1}*RbQs)*I;

2 + (T2a + T2b)*A'selx (JJ{t 11+1,:})'* phi;

Qzsxelx (JJ{t 11+1,:})"';

ZbQzI2sxel* (JJ{t 11+1,:}) '*Omega;

OmegaxJJ{t 11+1,:}*el'*AQsA_;

A'xelx (JJ{t 1141, :}) '*xOmega;

Té6c;

RbQs#*B'*xOmegaxJJ{t 11+1,:}*xel'xQzs;

A'xelx (JJ{t 11+41,:})"';

T10a;

Qzsxelx (JJ{t 11+1,:})"';

AQsA_xelx (JJ{t 11+1,:})"';

ZbQzI2s*el* (JJ{t 11+1,:})"';

B_OmegaxJJ{t 1141, :}xel'xAQsRb_;
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T20c = B_OmegaxJJ{t 11+1,:}*xel'xI2s_QzZb_;

T19a =T12f;

Tl7a = trace (OmegaxJJ{t 11+1,:}xel'xAQsB_);

for rr=1:4

er{rr,l}=eye (G);

er=cell2mat (er);

for r = rr:T 1

T3a = Rb'*(d_hat_t{t,1})*(d_hat_r{r,1})'+xRbQs;

T3b = trace((d_hat_t{t,1})*(d_hat_r{r,1})'«RbQsRb_)*I;

T4a = (d_hat_t{t,1})*(d_hat_r{r,1})";



215

T4dc = AQsRb_;

T2la = (d_hat_t{t,1})'x(d_hat_r{r,1});

T6a = trace (Z2bQzZb_* (d_hat_t{t,1})x(d_hat_r{r,1})"')*I;
T7b = I2s_QzZb_*(d_hat_t{t,1})*(d_hat_r{r,1})'+«RbQs*psi;
T9a = Rb'x (d_hat_t{t,1})*(d_hat_r{r,1});

Tl10b = (d_hat_r{r,1})"'x(d_hat_t{t,1})"

+(d_hat_r{r,1}) '« (d_hat_r{r,1});

T10c = (d_hat_t{t,1})"'x(d_hat_r{r,1})*ZbQzI2s;
Tllb = (d_hat_t{t,1})'*Z2bQzZb_x* (d_hat_r{r,1})"';
Tl2b = (d_hat_t{t,1})*RbQsRb_x* (d_hat_r{r,1});
T12d = ZbQzZb_* (d_hat_t{t,1})*(d_hat_r{r,1});
Tl2e = AQsRb_x (d_hat_t{t,1}) '« (d_hat_r{r,1})"';
Tl8a = trace((d_hat_t{t,1})*(d_hat_r{r,1})");
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T190 =AQsRb_=*T4a;

T20b = ((d_hat_t{t,1})=*(d_hat_r{r,1})+

(d_hat_t{t,1})'"'"x(d_hat_r{r,1}))*2bQzI2s;

T20d = ((d_hat_t{t,1})"'x(d_hat_r{r,1}))*RbQs_A_;

Tl6a = Rb'x(d_hat_t{t,1})~*(d_hat_r{r,1})"';

T3 = T3 + (T3a + T3b)*(trace(OmegaxJJ{r rr+l, :}xer'xT3c)*I)*psi;
T4 = T4 + (trace(T4axT4b*xJJ{r rr+l, :}xer'«T4c)*I)*psi;

T6 = T6 + T6a * ((trace(Tob*er* (JJ{r rr+l,:})")*I) +

T6cxJJ{r rr+l, :}*xer'*xAQs) *psi;

T7 = T7 + (T7axJdJJ{r rr+l, :}xer'xT7b);
T9 = T9 + ( T9axT9%oxerx (JJ{r rr+l,:}) "xphi);
$T9 = T9 +

((D*"t) »(D"r) xRb*Qs*B"'*Omegax* (Gamma”™ (t 1) ) *

Qzs* (Gamma” (r1l) ) '"xvphi);
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T10 =T10+ ( TlO0a* (Omega*BQsRb_x (T10b)*xZbQzI2sxer
* (JJ{r rr+l, :})"
+

(trace(TlO0cxer* (JJ{r rr+l,:}) '+xOmega*BQsRb_)

xeye (G)) ) *phi) ;

T1l = T11l + ( Tllax

(trace (Omega*BQsA_xerx (JJ{r rr+l,:})")x*

trace(Tllb) xeye (G)) * phi);

T12 = T12 + ( B'*xOmegaxJJ{r rr+l,:}xer'x

(Tl2ax* (trace (T1l2b) xeye (G))

+

Tl2cx (trace (T1l2d) xeye (G)) + T1l2exT12f) xphi);

Tl6 =T1l6+Tl6axT4bxJJ{r rr+l, :}*er'*AQs*psi;

T17 =T17+T9%ax (Tl7axeye (T)) *Z2bQzI2s*er* (JJ{r rr+l,:}) '+«phi;

T18 =T18+B'xtrace(Tl9axOmegaxJJ{r rr+l, :}xer'+xAQsRb_) *

Tl8axeye (G) xphi;

T19 = T19+B'xtrace(Tl9a*«OmegaxJJ{r rr+l, :}*xer'xT19b) xphi;



218 Appendix for the Programming

T20 = T20+(T20axT20b+T20c*T20d) xerx (JJ{r rr+l, :}) "xphi;

T21lb = AQsA_xer* (JJ{r rr+l,:})"';

for k=1:4

ek{k,ll=eye (G);

ek=cell2mat (ek) ;

for s=k:T

if t == r+s

T21 = T21 + ( TecxJJ{t r k+1,:}*ek'+«T21b

xtrace (T21la*xD" (t r)))reye(G) *phi;

elseif r == t+s

T22 = T22 + (Tl0ax trace(JJd{r t k+1,:}xek'xT21b »Omega)

*trace (T2lax (D" (r t)) ') *xeye(G)) *phi;

else

end

end
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ek= mat2cell (ek, [G G G G]);

[ek{1:4, 1}] = deal(zeros(G));

end

end

er= mat2cell (er, [G G G G]);

[er{1l:4, 1}] = deal(zeros(G));

end

end

el= mat2cell(el, [G G G G]);
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[el{1:4, 1}] = deal (zeros(G));

end

Tl = Q0s*T1;
T2 = Qsx(trace (ZbxQz*Zb')*I)+*psi Q0sxT2 ;
T3 = Qs+*T3;
T4 = Qs«*T4;
TS = Qs*T5;
T6 = Qs*T6;
T7 = Qs*T7;
T8 = Qs=*T8;
T9 = Q0s*T9;
T10 = Qs*T10;
T1l1l = Qs=*T11;

T12 = Qs+*T12;
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Tl4= Qs=*T1l4;

Tle = Qs*T16;
T17 = Qs*T17;
T18 = Q0s*T18;
T19 = Qs*T19;
T20 = Q0s*T20;
T21 = Qs+*T21;
T22 = Qs*T22;

a=7Tl + T2 + T3 + T4 + T5 + T6 + T7 + T8 + TY9 + T10 + T1l1l +

T124T214T22+T14+T16+T174+T18+T19+T20

end

function af = Dynamic_Full_LT_bias_approximation(13y0, 12y0, 1ly0 ,vy0, X, X1,
Gammal, GammaZ2, Gamma3, Gamma4, Omega,phi, Pi, G, g, K, k,3j, indy,

indLY, indL2Y, indL3Y, indL4Y, T)

JJ =cell(T,1);
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JJ{1,1l}=eye(G,G);

JJ{2,1}=Gammal;

JJ{3, 1l}=Gamma2+Gammal+JJ{2,1};

JJ{4,1}=Gamma3+Gamma2+*JJ{2,1}+Gammal+~JJ{3,1};

JJ{5, 1}=Gammad+Gamma3«JJ{2, 1}+Gamma2+xJJ{3, 1}+Gammal~JJ{4,1};

JJ{6,1l}=Gammad+*JJ{2, 1} +Gamma3+xJJ{3, 1} +Gamma2+JJ{4, 1} +Gammal+~JJ{5,1};

for i=7:T

JJ{i,1l}=Gammad«JJ{(i4),1}+Gammal3*«JJ{ (1i3), 1} +Gamma2+«JJ{ (1i2) ,1}

+Gammal«JJ{ (i1),1};

end

e=cell(4,1);

[e{1:4, 1}] = deal(zeros(G));

el=cell(4,1);

[el{1:4, 1}] = deal(zeros(G));
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D= diag(ones(1,T1), 1);

d_hat_t=cell(T1,1);

d_hat_r=cell(T1,1);

for t = 1:T1

d_hat_t{t,1} = D"t;

end

d_hat_r{r,1} = D"r;

end
Qw = zeros(J, J);
for 1=1:4;

e{l,1l}=eye(G);

e=cell2mat (e);

for h=1:4
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el{h,1l}=eye(G);

el=cell2mat (el);

for t = 1:T1

Qw2 =ex* (JJ{t 1+1,:})"';

for r=h:T 1

Qwl =trace((d_hat_t{t,1} )'x(d_hat_r{r,1}));

Qw = Qw + Qw2xOmega*Qwlx (JJ{r h+1l, :})*el’;

end

end

el= mat2cell (el, [G, G, G,G]);

[el{1:4, 1}] = deal(zeros(G));

end

e= mat2cell (e, [G, G, G,G]l);
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[e{l1l:4, 1}] = deal(zeros(G));

end

[Yb, LYb, L2Yb, L3Yb, L4Yb] = genY¥b(13y0,12y0,1y0,y0, X, Gammal,

Gamma?2, Gamma3, Gammad,Pi, T, G);

Y2b = Yb(:,indY);

LY1lb = LYb(:,indLY);

L2Y1lb = L2Yb(:, indL2Y);
L3Y1lb = L3Yb(:,indL3Y);
L4Y1lb = L4Yb (:, indL4Y) ;
Rb = [Y2b LYlb L2Y1lb L3Ylb L4Ylb X17];

Zb

[LYb L2Yb L3Yb L4Yb X];

I2s = [eye (4%G); zeros(K,4*G)];
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Qz = Zb'xZ2b + [Qw zeros (G+G+G+G,K); zeros (K, G+G+G+G) zeros (K, K)];

Qz = Qz\eye (size(Qz));

Qzs = I2s'xQz=*12s;

Gammas2=[Gammal (:, indY) ; Gamma2 (:, indY) ; Gamma3 (:, indY) ; Gamma4 (:, indY) ];

Ed2d2 =[ Gammas2'*Qw*Gammas2 Gammas2'*Qw zeros(g,k);

QwxGammas?2 Qw zeros (4xG,k);

zeros (k,qg) zeros(k,j) zeros(k,k)1;

Qs = Rb'+xRb + Ed2d2;

Qs =Qs\eye (size(Qs));
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I4 = eye(G);

B = [I4(:,indY) zeros (G, j+k)];

psi=B'x*phi;

I1 = eye(J);

A = [Gammas?2 Il zeros (G+G+G+G,k)];

—
Il

eye (g+j+k);

Tl = zeros(g+ijt+k,1);

T2 = T1; T5 = T1;

Tl

(Rb"*Zb*Qz+xZb'+xRb*Qs +

(trace (ZbxQz*Zb'+xRb*Qs*Rb') xI) ) xpsi;

T5 = ( (trace(QwxI2s'xQz+Zb'*Rb*Qs*A')*I) + Rb'*Zb*Qz+xI2s+*QwxA*xQS
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+ A'xQwxI2s'*xQz*xZb'*Rbx*xQs ) *psi;

el=cell(4,1);

[el{1:4, 1}] = deal(zeros(G));

RbQs = Rb*Qs;

for 11=1:4

el{ll,1l}=eye(G);

el=cell2mat (el);

for t = 11:T 1

T2a

Rb'*d_hat_t{t,1}*RbQs;

T2b

trace (Rb'*d_hat_t{t,1}*RbQs)*I;
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T2 = T2 + (T2a + T2b)*A'xelx (JJ{t 11+1,:}) ' phi;

end
end
Tl = Qs*T1;
T2 = Qsx(trace (ZbxQz*Zb')*I)+*psi QsxT2 ;
TS5 = Qs*T5;

af = a (T1+T2 T5 )

end

function b = iqgr (X)

XS = sort(X);
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N = length (X);

ql = (N+1) / 4;

glL = floor(ql);

glR = glL + 1;

gDiff = ql qlL;

Q1 = XS(glL) + gDhiff x ( XS(glR) XS (glL) );
g3 = 3% (N+1) / 4;

q3L = floor(g3);

a3R = gq3L + 1;

gDiff = g3 g3L;

Q3 = XS(g3L) + gDhiff = ( XS (g3R) XS (g3L) );

end
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function b = mse (X, trueValue)
tmp = squeeze (X);
n = length (tmp);
b = ((tmp trueValue)' * (tmp truevValue)) /n;

end
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